INTERNATIONAL JOURNAL OF RESEARCH AND SCIENTIFIC INNOVATION (1JRSI)
ISSN No. 2321-2705 | DOI: 10.51244/1JRSI [Volume XIII Issue V May 2026

Some Applications of Ramanujan’s Master Theorem
Rajesh Kumar Maurya”
Sardar Bhagat Singh Govt. Post Graduate College Rudrapur, Udham Singh Nagar Uttarakhand, India

DOI: https://doi.org/10.51244/1JRS1.2026.1305000138

Received: 09 May 2026; Accepted: 14 May 2026; Published: 04 June 2026
ABSTRACT

Within this article we shall try to find whether it is possible to have a formulae, and prove a formula for

solutions of the equations of the form ax® + bx? 4+ c = 0 .Where a,b,c,a, § are real numbers and a > .
And we will get a formula with the help of Ramanujan's Master theorem.

INTRODUCTION

The Egyptian Mathematician Berlin Papyrus, dating back to the middle kingdom (2050BC to 1650 BC) and
Greek Mathematician Euclid (circa 300BC ) used geometric methods to solve quadratic equations. The Greek
Mathematician Diophantus, in his work Arithmatica, (circa 250 AD) solved quadratic equations with a method
more recognizably algebraic than the geometric algebra of Euclid, his solutions gives only one root, even when
both roots exists. Indian Mathematician Brahmgupta described the quadratic formula in his treatise
Brahmasphutasiddhanta published in 628 AD, although he described it in words, according to this solution of
the quadratic equation ax?® + bx + ¢ = 0 is given by

(V(4ac+b* —b
X = :
2a

Another Indian Mathematician Sridhracéryya (870-930 AD) came up with similar formula having no
consideration for both the roots. The quadratic formula covering all cases was first obtained by Simon Stevin
in 1594 AD. In 1637 Rene Descartes published La Geometriecontaining special cases of quadratic formula in
the form we know today.

Equations of the form ax® + bx? + ¢ = 0 Where a, b, c,a, 8 are real numbers and « > 8, are common in
theoretical physics especially quantum dynamical equations, but till date we have only numerical solutions for
such equations which gives no insight of the further evolution of the dynamical systems.

This article will find and prove a formula for solutions of the equations of the form
ax® +bxP +c=0. (1.1)
Ramanujan’s Master theorem

If a complex-valued function f(x) has an expansion of the form

N P (0*

£ = o

k=0

then the Mellin transform of f(x) is given by

[00]

[t peaax = 166,

0
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where I'(s) is the gamma function.
Main Results

Proposition-1-Suppose in equation (1.1) «,f are rational numbers, then equation (1.1) is a polynomial
equation.

1

Proof. Put a = % and g = %where P1, 41, P2, G- are natural numbers, also put x®4: = y, get

P1 2}
x%* = xa = y9Ps; xP = xa. = y P2 (3.1)

from (1.1) and (3.1) get
ay 2P + pydiP2 4 ¢ = (. (3.2)

equation (3.1) is a polynomial equation. Since a > B, therefore q.p; > q1p2, hence equation (3.2) has degree
q2p1-

Remark-1. If equation (3.2) has degree g,p1 = 5,then it could not be solved in radical as follows from the
Galois theory.

Remark-2. If « > B in (1.1) are not rational then equation (1.1) turns to be a transcendental equation as it
could not be reduced to a polynomial equation by fundamental algebraic operations of addition, subtraction,
division and multiplication.

Theorem-1. For O<a<1, if 2z is root of equation y*4+y+4+c=0, then

Ina-Inb ina-Inb

zob-ownb jsroot of ax® + bx + D = 0, where D = ch' G-amnb,

Proof. Rewrite equation ax® + bx + D = 0 as ax® + b*~*.b*x + D = O,where k is a non zero real number.
Put b*x = y, then x = yb~*, this gives ax® = ab~**y* Thus equation ax® + bx + D = 0, becomes

ab~%y®* + p1=ky + D = 0. (3.3)

Choose k so that ab~% = p1~* this gives

_Inb—-lIna
T (1—-a)inb
Divide equation (3.3) by b*~¥, to get
y¢*+y+c=0. (3.4)
Inb-Ilna —({nb-Ina)

Where ¢ = Dha-@inb ' Now if Zo is root of equation (3.4) then x = b=*y, gives that b (-®inb z, is root of
ax®+bx+D =0.

1 p(na-Inb)

Theorem2. For (a/B) > 1,if z, is root of equation y*/F +y + ¢ = 0, then z,fb (B-0inb s root of ax® +
B(Ina-Inb)

bx? + D = 0, where c = D.b B-aoind -1

Proof. Rewrite equation ax® + bxf +D =0 as ax® + b'~%.b¥x# + D = O,where k is a non zero real

1 —-ka «
number. Put b*xf =y, then x = (yb=*)#, this gives ax® = ab # yB.Thus equation ax® + bx? + D =0,
becomes
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ab_Tkay% + b*y +D = 0. (3.5)
Choose k so that ab_Tka = b7k, this gives k = %
Divide equation (3.5) by b*~*, to get

y%+y+c=0. (3.6)

1 1 (nb-Ilna)
Now if =z, is root of -equation (3.6) then x=(yb™*)8 gives that z,fbB-ownb

is root of ax® + bx? + D = 0. This completes the proof.

Theorem3. For 0 < a < 1, equation x* + x — 2¢ = 0, hasaroot at, c + cf, and for « > 1, it has a root at ¢ —
cf, where f= f@é@ _ 1,

¢(k) = (k!+I‘{1!—f(+...+k!“(“—1)-l-€-'(a—k+1).

1
Proof. Plot y = x*and y = x«,0 < @ < 1,y = x and on Cartesian plane (for illustration take a = V2

y ]
i D(c;c)
5 :,4
]
.+ P
10(0,0) 1 2 3 4 X5
_1 -

1
As plotted above in the figure, curves y = x% and y = x«, are symmetric about line y = x, points B and C
1
respectively lies at the intersection of the curves y = xeand y = x%, and the line perpendicular to line y = x

and passing through point D(c, ¢). Thus in AABC, AE = EC = d (say). Therefore x-coordinate of point C is
¢ + d, and x-coordinate of point B is ¢ — d. Since y = x%, and line passing through points B, C and D(c,c) i.e.
y = —x + 2c intersects each other at point C, therfore at C we must have x* = —x + 2c.
x*+x—2c=0. (3.7)
Since x-coordinate of point C is ¢ + d,therefore at C we must have
(c+d)*+(c+d)—2c=0
(c+d)*=c—d. (3.8)

Similarly at point B, x-coordinate of point B is ¢ — d,therefore at B we must have
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(3.9)
Thus to find root of equation (3.7) we need to find d in terms of ¢ and «, for this rewrite equation (3.8) as
(1+)*=c"%(1-f).

Where f = (d/c). Note from geometric representation as in figure-1 AC = 2d,0D = ¢ gives d < c ,
without geometric consideration inequality d < ¢ could not be established, now we can use binomial
expansion of (1 + f)“ wherever needed, To find f, rewrite above equation as

A+N°_ e

1-1)

a —_ _ —_
,For | xf |< 1 we have%= (1+axf+$(xf)2 +W(xf)3+...)(1+f+fz...)

, now collect coefficients of (xf)*, multiply numerator and denominator by k!, and use the fact that

i 21 imo _ingdez 1lfm¢n 39A

2m fo ¢ e {0 otherwise’ (3.94)
A+ xHe

1-5
kla kla(a—1)..(a—k+1) i0+im\k
_ 12 (e (G4 " )(—xelf+im) 1
T om fO (ZO k! 1-fe~ib de. (398)
(( 14 kla - k!a(a—l)...(a—k+1)) ] ] )
Where (Z? B —= (—xe“’*”f)") is the coefficient of (xf)*e™*? without f* , f*

Could be recovered upon integration and using orthogonality property as mentioned in equation (3.9A)
Recognise f(x) of the Ramanujan's master theorem as

kla(a—1)..(a—k+1)

k! )(_xei6+in)k_ (3.10)

kla
(k!+T+"'+

¥ (x,0) = 28°(

k!

Since infinite series in (3.10) has infinite radius of convergence in variable x we can apply Mellin’s transform
on ¥(x, 8), Then by Ramanujan’'s master theorem and equation (3.9B) get,

(o) 27T ©0

x4 11+ xf)e _ 1 - 1
f a—p dx = anf _Ofx Y(x,0) 1o i@ — o dxdo,

21t oik6 pikm

r(a)p(a) Z;‘f:o%fo o d0 = c1-%, gives

o ikmgk _ L _ ¢
Lizo € f = 17 = Tae@y

cl-«a

kla(a—1)..(a—k+1)
k!

where ¢(a) = (k! + kl!—,“+. ot
as

). Equation (3.12) gives root of the equation x* + x —2c =0
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c+d=c+cf=c+c(L¢,§“)—1)=F(a)¢(a)c“ (3.13)

cl=
Therefore roots are given by This completes the proof of the theorem.

Remark-1: Since a need not be an integer, as k! = I'(k + 1), we can write generalised approximate for a! =
I'(a + 1), for this generalization by Katugampola, Niels Henrik Abel, Podlubny see (6., 7., 8. ). So root given
in equation (3.13) is approximate.

Corollary-1: From Theorem-2, Theorem-3 and equation (3.13) root of equation ax® + bx# + D = 0, is given
1 B(na-Inb)

by I'(a)p(a)c%zofb B-anb

B(lna-In b)_1 B(lna-In b)_1
Proof. From Theorem-2 ¢ = D.b B-®inb = from Theorem-3 we have —2¢ = D.b B-oinb = therefore

from (3.13) get solution of y*/# +y +¢c =0

) B(éna—lnb)_l a
itpp (B—a)lnb
zo = F(@)¢(@) (e - — ) . (3.14)

Therefore From Theorem-2, Theorem-3 and equation (3.14) root of the equation ax® + bx? + D = 0, is given
by
1
ei”D.b%‘l)a ! pana-mn)

X = F(a)qb(a)( > b B-oinb
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