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ABSTRACT 

Alcoholism is characterized as a chronic disease resulting from compulsive and uncontrollable consumption of 

alcoholic beverages, which leads to addiction and deterioration of both health and social functioning. 12.2% of 

the Kenyan population engages in alcohol abuse, while 10.4% are affected by alcohol-use disorders, showing 

the severity of this public health concern. A Susceptible-Experimenting-Moderate-Quitters-Heavy-Treated 

(SEMQHT) model was constructed to show the transmission dynamics of alcohol addiction through Ordinary 

Differential Equations (ODEs), which were solved using the fourth-order Runge-Kutta method. Invariant 

regions, epidemic thresholds, and model equilibria were analyzed, and the stability of these equilibria was 

examined. The model was further utilized to evaluate the effects of treatment interventions and cessation of 

alcohol use. The basic reproduction number was calculated using the next-generation matrix approach. 

Sensitivity analysis was performed employing normalized forward sensitivity techniques. Local stability of the 

alcohol-free equilibrium was studied using the Gershgorin Circle Theorem, and global stability was established 

via the Castillo-Chavez approach. The necessary conditions for the existence of an alcohol-endemic 

equilibrium were derived, and bifurcation analysis was carried out. Numerical analyses were performed in 

Python. The analyses showed that those measures that targeted initiation rate and early recovery would 

significantly reduce alcohol abuse more efficiently than those strategies that only targeted dependent users. 

Such measures limit the inflow to risky drinking and hasten the recovery of those infected. 
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INTRODUCTION 

Drug abuse, also known as substance abuse, is defined as the use of drugs in ways or quantities that result in 

harm to the user or others [1]. The geographical location of Eastern Africa, adjacent to countries such as India, 

China, Thailand, Pakistan, Saudi Arabia, and other Middle Eastern nations, has established the region as a 

central hub for tracking heroin, methaqualone, and cannabis resin, as reported by the United Nations Office on 

Drugs and Crime [2]. The same report notes that cocaine is trafficked into Eastern Africa from Southern Africa 

and Latin America. Recent data indicate a continued increase in drug and substance abuse, despite a 

persistently low number of drug seizures. The National Authority for the Campaign Against Alcohol and Drug 

Abuse (NACADA) reported a significant demand for rehabilitation services, with 2.5 million individuals in 

Kenya requiring rehabilitation in 2015 [3].  

Studies conducted in sub-Saharan Africa have identified a strong association between drug and substance 

abuse and risky sexual behaviors, such as having multiple sexual partners, engaging in unprotected intercourse, 

and participating in commercial sex work [4]. According to Merz [5], there were 11 million active drug 

injectors worldwide in 2017, with 1.4 million living with HIV and 5.6 million with Hepatitis C. Other 

documented consequences of drug abuse include increased suicide rates, higher crime levels, more frequent 

traffic accidents, poisonings, and elevated government expenditure [6]. Drug and substance abuse (DSA) 

addiction also significantly diminishes the human resources necessary for national development due to risky 

behaviors and premature mortality [7].  
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The majority of adults with drug abuse disorders initiated drug use between the ages of 11 and 20 [8]. 

According to the NACADA [9] report, drug and substance misuse constitutes Kenya’s most critical social issue 

and poses significant health risks. NACADA further estimates that approximately half of Kenya’s drug and 

substance abuse (DSA) users are between 10 and 19 years old. Subsequent findings [10] indicate that alcohol 

remains the most commonly abused substance in Kenya, while cannabis use among youth aged 14 to 25 has 

nearly doubled over the past five years. Other frequently abused substances include cocaine, heroin, and 

shisha. These data underscore the urgent need for coordinated government intervention. 

Research [[11], [12]] demonstrates that drug and substance abuse (DSA) exhibits transmission patterns 

analogous to infectious diseases, thereby justifying the application of mathematical modeling approaches. The 

intense euphoria produced by opiates such as heroin, morphine, codeine, oxycodone, hydrocodone, and 

fentanyl contributes to their high potential for addiction. Comprehensive prevention strategies are essential to 

mitigate early drug exposure. Similar to infectious diseases, DSA is a complex issue shaped by multiple 

interacting factors, including environmental influences. Existing literature [13] indicates that addiction 

frequently originates as a social activity before developing into a severe disorder. 

Heavy drinking is defined as an average consumption of more than 7 drinks per week for women and more 

than 14 drinks per week for men over the past year. Light drinking is defined as an average of 3 or fewer 

drinks per week over the same period. Moderate drinking is defined as an average of 4 to 14 drinks per week 

for men and 4 to 7 drinks per week for women. Thus, heavy drinking refers to consumption exceeding 14 

drinks per week for men and more than 7 drinks per week for women [14]. 

Public health, notably in the context of substance dependency, represents a prominent area for the application 

of mathematical modeling. Alcoholism, although treatable, is still a significant global concern. According to 

the World Health Organization (WHO), approximately 237 million men and 46 million women worldwide are 

affected by alcoholism and related problems [15]. In Kenya, 12.2% of the population (3,293,495 individuals) 

abuse alcohol, and 10.4% (2,807,569 individuals) meet the criteria for alcohol use disorders [16]. Factors that 

influence alcoholism encompass social interactions, psychological stress, mental health, age, ethnicity, and 

gender.  

Addiction involves long-lasting biological changes caused by alcohol misuse, which impedes efforts to cease 

consumption. Quitters often experience withdrawal symptoms [17]. Various mathematical models have been 

created to tackle alcoholism. Bhunu [18] categorized the population into those who have never consumed 

alcohol (S(t)), non-dependent drinkers (D(t)), dependent individuals (A(t)), and recovered (R(t)). This model 

demonstrated that encouraging moderate drinkers to quit is more effective than targeting solely individuals 

who are already addicted, although it did not comprehensively address treatment.  

Whitey and Comiskey [19] employed ordinary differential equations to model heroin outbreaks and treatment, 

offering valuable insights for policymakers regarding resource allocation for prevention and treatment. Their 

findings indicate that prevention strategies are more effective than treatment for drug substance abuse (DSA).  

Sharma and Samantha [19] developed a mathematical model of alcohol misuse that classified individuals into 

four groups: heavy drinkers, individuals in treatment, those who have temporarily recovered, and moderate or 

occasional drinkers. The model incorporated a treatment program and accounted for all potential relapses and 

behaviors, concluding that effective control of alcohol addiction is essential for mitigating the issue. 

Burattini [20] modeled the dynamics of crack cocaine use using a susceptible-infected recovered (SIR) 

framework, categorizing individuals as susceptible, injecting drug users, crack cocaine users, and those who 

use both substances. Their research demonstrates that crack cocaine use can influence HIV/AIDS prevalence, 

depending on factors such as the complex social networks among drug users.  

In South Africa, Burattini [20] simulated the spread of crystal methamphetamine ("tik") within drug supply 

chains by incorporating drug supply networks, rehabilitation, and recovery processes. The study identified the 

rate at which light drug abusers quit and the frequency of contact between vulnerable individuals and "tik" 

users as the most significant factors influencing the epidemic[21]. 
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Muli, in his study [22] differentiated between light and moderate drug abusers as separate categories, which 

contrasts with the classification used by Sharma and Samantha. He assumed that light drug abusers may 

discontinue use without medical intervention. The primary assumption is that individuals undergoing treatment 

or rehabilitation are significantly less likely to initiate drug use in others compared to light and heavy drug 

abusers. Consequently, light and heavy drug abusers are identified as the primary drivers of drug abuse. 

Mathematical models enable analysis of these factors, support the development of productive interventions, 

and forecast how different strategies might affect alcohol-related problems [23], [24].  

Mayengo [25] classified drinkers as light, medium, or alcoholic and included non-drinkers as either susceptible 

or recovered. His study recommended compulsory isolation treatment for individuals with addiction. 

Simulations showed that this approach can quickly decrease alcoholism but might also lead to greater 

stigmatization. 

Nyabadza [26] developed a model comprising six population groups and a media group: S (never used 

alcohol), Sa (exposed to media campaigns and never used alcohol), L (light drinkers), H (heavy drinkers), T 

(under treatment or in rehabilitation), Q (permanently stopped drinking), and M (media campaign intensity). 

Their research shows that effective 3 media campaigns can prevent the initiation of alcohol use among those 

exposed. Simulations additionally show that higher treatment rates reduce addiction. 

Additional studies have examined the relationship between stress and alcohol treatment, comparing individuals 

in treatment to those not receiving it. Individuals entering treatment are more likely to recognize their drinking 

problems, exhibit more dependence symptoms, experience greater stress, and encounter more negative life 

events, all of which increase the likelihood of recovery [27]. 

Mathematical modeling uses equations to represent real-world situations and helps predict outcomes by 

making complex systems simpler [28]. Breaking these systems into separate parts makes it easier to understand 

how they work [29], [30], [31] [32]. These models serve as analytical tools that describe systems 

mathematically and focus on how the parts interact, often using equations or numerical methods [33].  

This study advances mathematical modeling by further classifying drinkers into experimenting, moderate, and 

heavy categories. It assumes that experimenting and moderate drinkers can quit independently after reflecting 

on the effects of alcohol, whereas heavy drinkers require treatment at specialized centers to achieve recovery. 

The model also incorporates quitting and treated categories. Both analytical and numerical analyses were 

conducted, and the results are discussed. 

Model formulation 

A transmission model for alcohol addiction was developed using Ordinary Differential Equations (ODEs) to 

evaluate intervention strategies to decrease addiction.  

Model assumptions  

• Heavy drinkers cannot quit voluntarily, but rather, they must be taken to treatment centers.  

Justification: Our model assumes that, in the absence of intervention, heavy drinkers are unable to change their 

behavior. This assumption is supported by clinical literature[34], which shows that many cannot simply 

'decide' to stop on their own. By treating this group as requiring external action (treatment), the model aims to 

evaluate the public health impact of formal intervention efforts. 

•  Deaths related to alcoholism were associated only with heavy drinkers.  

Justification: The most severe health outcomes and alcohol-specific deaths, such as those resulting from liver 

cirrhosis, are causally linked to long-term, heavy alcohol consumption[35]. By restricting mortality in the 

model to heavy drinkers, the analysis focuses on the group with the highest attributable risk, which is also the 

most relevant target for public health interventions. This conservative approach enables the model to estimate 
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the impact of treating this high-risk population without conflating these effects with the lower risks associated 

with other drinking patterns. 

Model development  

The (SEMQHT) model was adapted to develop an alcoholism model comprising six compartments: 

Susceptible population (S), Experimental drinkers (E), Moderate drinkers (M), Quitters (Q), Heavy drinkers 

(H), and Treated class (T). Parameters are described in Table 1. Since the model pertains to the human 

population, all parameters were assumed to be positive. A schematic representation of the model is presented 

below. 

 

Figure1:Model owdiagram 

Model Equations 

{
 
 
 
 

 
 
 
 
𝑑𝑆

𝑑𝑡
= 𝜆 + 𝜅𝑄 + 𝜒𝑇 − (𝜇 + 𝛽)𝑆

𝑑𝐸

𝑑𝑡
= 𝛽𝑆 + 𝛿𝑀 − (𝜇 + 𝛼 + 𝜈)𝐸

𝑑𝑀

𝑑𝑡
= 𝛼𝐸 + 𝜏𝑇 − (𝜇 + 𝛿 + 𝜓 + 𝜃)𝑀

𝑑𝐻

𝑑𝑡
= 𝜃𝑀 − (𝜇 + 𝛾 + 𝜔)𝐻

𝑑𝑄

𝑑𝑡
= 𝜓𝑀 + 𝜈𝐸 − (𝜇 + 𝜅)𝑄

𝑑𝑇

𝑑𝑡
= 𝜔𝐻 − (𝜇 + 𝜏 + 𝜒)𝑇. }

 
 
 
 

 
 
 
 

                                                                            (1) 

Where: 

𝛽 = 𝑑(𝜖1𝐸 + 𝜖2𝑀 + 𝜖3𝐻). 

Table 1: Parameter description 

Parameter Description Value Reference 

𝜆 Natural birth rate 0.1595 [36] 

𝜇 Natural death rate 0.1595 [36] 

𝛽 Recruitment rate 0.0546 [37] 

𝜅 Transfer rate from quitters to susceptible 0.03 [38] 

𝜒 Transfer rate from treated to susceptible 0.4 [39] 
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𝛼 Recruitment rate from experimenting to moderate drinkers 0.04 [39] 

𝛿 Relapse rate from moderate to experimental drinkers 0.02 [40] 

𝜓 Recruitment rate from moderate drinkers to quitters 0.3 [41] 

𝜏 Relapse rate from treated to moderate drinkers 0.13 [38] 

𝜃 Recruitment rate from moderate to heavy drinkers 0.055 [42] 

𝛾 The death rate due to the effects of alcohol 0.00047 [43] 

𝜔 Recruitment rate from heavy drinkers to the treated 0.131 [38] 

𝜈 Transfer rate from experimenting to quitters 0.2 Estimated 

𝜖1 Experimental drinker transmissibility parameter 0.2 Estimated 

𝜖2 Moderate drinker transmissibility parameter 0.4 [36] 

𝜖3 Heavy drinker transmissibility parameter 0.5 [38] 

𝑑 The force of infection of alcoholism 0.4 [36] 

Model Analysis 

Invariant regions 

Theorem 1 

The solutions of the proposed model equation 1 are feasible for all 𝑡 > 0 if they enter the invariant region [33] 

which is given by: 

𝐷 = {(𝑆, 𝐸,𝑀,𝐻, 𝑄, 𝑇): 𝑆 > 0, 𝐸 > 0,𝑀 > 0,𝐻 > 0, 𝑄 > 0, 𝑇 > 0,𝑁 <
𝜆

𝜇
}. 

Proof 

The total population of the model is given as: 

𝑁 = 𝑆 + 𝐸 +𝑀 + 𝐻 + 𝑄 + 𝑇, 

The sum of the differential equations is: 

𝑑𝑁

𝑑𝑡
=
𝑑𝑆

𝑑𝑡
+
𝑑𝐸

𝑑𝑡
+
𝑑𝑀

𝑑𝑡
+
𝑑𝐻

𝑑𝑡
+
𝑑𝑄

𝑑𝑡
+
𝑑𝑇

𝑑𝑡
. 

Upon evaluating the algebraic term, the solution was 

𝑑𝑁

𝑑𝑡
≤ 𝜆 − 𝜇𝑁, 

Solving by the integrating factor method gives: 

𝑁(𝑡) ≤
𝜆

𝜇
+ (𝑁(0) −

𝜆

𝜇
) 𝑒−𝜇𝑡. 

Applying Birkhoff and Rota's theorem on the inequality [44], gave: 0 ≤ 𝑁 ≤
𝜆

𝜇
 as 𝑡 → ∞. 

Therefore, 𝐷 was positively invariant, and within this region, the model was considered valid. The model was 

both epidemiologically and mathematically well-posed. since the model tracks human populations, all 

variables and parameters are considered non-negative for 𝑡 ⩾ 0. 
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Positivity of the model 

For the model involving human population, it was necessary to prove that all state variables of the model are 

non-negative for all time (t), for the model to be epidemiologically and mathematically well-posed in a feasible 

region D given by: 

𝐷 = {(𝑆 + 𝐸 +𝑀 + 𝐻 + 𝑄 + 𝑇) ∈ 𝑅+
6 : (𝑆 + 𝐸 +𝑀 + 𝐻 + 𝑄 + 𝑇) ≤ 𝑁} 

Lemma 1 

Let the initial data for Model 1 be (𝑆 + 𝐸 +𝑀 + 𝐻 + 𝑄 + 𝑇) > 0. Then the solution (𝑆, 𝐸,𝑀, 𝐻, 𝑄, 𝑇) > 0 are 

all positive for all time 𝑡 > 0. 

Proof 

𝑑𝑆

𝑑𝑡
= 𝜆 + 𝜅𝑄 + 𝜒𝑇 − (𝜇 + 𝛽)𝑆,

𝑑𝑆

𝑑𝑡
≥ −(𝜇 + 𝛽)𝑆,

 

Separating the variables and assigning the integration sign results in: 

∫
𝑑𝑆

𝑆
≥ −∫  (𝜇 + 𝛽)𝑑𝑡, 

integrating results to: 

ln 𝑆 ≥ −(𝜇 + 𝛽)𝑡 + 𝐶, 

where 𝐶 is the constant of integration. 

𝑆(𝑡) ≥ 𝐶𝑒−(𝜇+𝛽)𝑡. 

Applying the initial condition: 𝑡 = 0, 𝑆(0) = 0 

Thus, 𝑆(𝑡) ≥ 𝑆(0)𝑒−(𝜇+𝛽)𝑡 ≥ 0 since (𝜇 + 𝛽) > 0. 

Following the same procedure, it can be shown that: 

𝐸(𝑡) ≥ 𝐸(0)𝑒−(𝜇+𝛼+𝜈)𝑡 ≥ 0,

𝑀(𝑡) ≥ 𝑀(0)𝑒−(𝜇+𝛿+𝜓+𝜃)𝑡 ≥ 0,

𝐻(𝑡) ≥ 𝐻(0)𝑒−(𝜇+𝛾+𝜔)𝑡 ≥ 0,

𝑄(𝑡) ≥ 𝑄(0)𝑒−(𝜇+𝜅)𝑡 ≥ 0,

𝑇(𝑡) ≥ 𝑇(0)𝑒−(𝜇+𝜏+𝜒)𝑡 ≥ 0.

 

Hence the proof. 

Equilibrium states, reproductive number, and stability 

This section examined equilibrium states and investigated their stability. The basic reproduction number was 

also examined. 
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Alcohol-free equilibrium point (AFE). 

The model system equation 1 yields an alcohol-free equilibrium (AFE) when all infectious and treated classes 

are set to zero. Therefore, the alcohol-free equilibrium point is defined as: 

𝐸0 = (𝑆0, 𝐸0, 𝑀0, 𝐻0, 𝑄0, 𝑇0) = (
𝜆

𝜇
, 0,0,0,0,0). 

The Basic Reproduction Number 

To obtain the reproduction number, we employed the next-generation method [45]. Here, 𝑓 denotes the matrix 

of new infection terms, while 𝑣 represents the matrix of the remaining transfer terms in the system. This 

approach leads to: 

𝑓 = (
𝛽𝑆
0
0

) ,

𝑣 = (

−𝛿𝑀 + (𝜇 + 𝛼 + 𝜈)𝐸
−𝛼𝐸 − 𝜏𝑇 + (𝜇 + 𝛿 + 𝜓 + 𝜃)𝑀

−𝜃𝑀 + (𝜇 + 𝛾 + 𝜔)𝐻
) ,

 

Where: 

𝛽 = 𝑑(𝜖1𝐸 + 𝜖2𝑀 + 𝜖3𝐻). 

𝐹 and 𝑉 was obtained by computing the Jacobi of 𝑓 and 𝑣 respectively at AFE. 

𝐹 = (
𝑑𝜖1𝑆 𝑑𝜖2𝑆 𝑑𝜖3𝑆
0 0 0
0 0 0

),   

V = (
𝜇 + 𝛼 + 𝜈 −𝛿 0

−𝛼 𝜇 + 𝛿 + 𝜓 + 𝜃 0
0 −𝜃 𝜇 + 𝜂 + 𝜔

), 

  

𝐹𝑉−1 = (
𝑏1 𝑏2 𝑏3
0 0 0
0 0 0

) ,
 

Where: 

𝑏1 =
𝑑𝑆(𝛿 + 𝜃 + 𝜇 + 𝜓)𝜖1

−𝛼𝛿 + (𝛼 + 𝜇 + 𝜈)(𝛿 + 𝜃 + 𝜇 + 𝜓)
+

𝑑𝑆𝛼𝜖2
−𝛼𝛿 + (𝛼 + 𝜇 + 𝜈)(𝛿 + 𝜃 + 𝜇 + 𝜓)

+
𝑑𝑆𝛼𝜃𝜖3

(−𝛼𝛿 + (𝛼 + 𝜇 + 𝜈)(𝛿 + 𝜃 + 𝜇 + 𝜓))(𝜂 + 𝜇 + 𝜔)
  , 

𝑏2 =
𝑑𝑆𝛿𝜖1

−𝛼𝛿 + (𝛼 + 𝜇 + 𝜈)(𝛿 + 𝜃 + 𝜇 + 𝜓)
+

𝑑𝑆(𝛼 + 𝜇 + 𝜈)𝜖2
−𝛼𝛿 + (𝛼 + 𝜇 + 𝜈)(𝛿 + 𝜃 + 𝜇 + 𝜓)

+ 

 

𝑑𝑆𝜃(𝛼 + 𝜇 + 𝜈)𝜖3
(−𝛼𝛿 + (𝛼 + 𝜇 + 𝜈)(𝛿 + 𝜃 + 𝜇 + 𝜓))(𝜂 + 𝜇 + 𝜔)

   ,
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𝑏3 =
𝑑𝑆𝜖3

𝜂 + 𝜇 + 𝜔
. 

It followed that the basic reproduction numbers for model 1 denoted by 𝑅0 was given by as: 

𝑅0 =
𝑑𝑆[(𝛿 + 𝜃 + 𝜇 + 𝜓)(𝜂 + 𝜇 + 𝜔)𝜖1 + 𝛼(𝜂 + 𝜇 + 𝜔)𝜖2 + 𝛼𝜃𝜖3]

[𝛼(𝜃 + 𝜇 + 𝜓) + (𝜇 + 𝜈)(𝛿 + 𝜃 + 𝜇 + 𝜓)](𝜂 + 𝜇 + 𝜔)
. 

Local Stability Analysis of the Alcohol-Free Equilibrium Point(AFE) 

Theorem 2 

(Gershgorin Circle Theorem) [46] Let 𝐴 be an 𝑛 × 𝑛 matrix with real entries. If the diagonal elements 𝛼𝑖𝑖 of A 

satisfy 𝑎𝑖𝑖 < 𝑟𝑖. Here, 𝑟𝑖 denotes the sum of the absolute values of the non-diagonal elements in the 𝑖th  row, 

where 

𝑟𝑖 =∑  

𝑛

𝑗=1
𝑗≠𝑖

|𝑎𝑖𝑗|. 

For 𝑖 = 1,2, … , 𝑛, let 𝑟𝑖 denote the sum of the absolute values of the non-diagonal elements in the 𝑖th  row. If 

this condition holds for each row, then the eigenvalues of 𝐴 are either negative or possess negative real parts. 

Corollary 1 

The AFE of the model system is locally asymptotically stable (LAS) if 𝑅0 < 1 and unstable whenever 𝑅0 > 1. 

Proof 

The local stability of the Jacobian, 𝐽∗, for the model differential equations in equation 1, was assessed by 

evaluating it at 𝐸0. The stability of the steady state was subsequently assessed by analyzing the eigenvalues of 

the corresponding Jacobian matrix. 

𝐽∗ =

(

 
 
 

−𝜇 −dS0𝜖1 −dS0𝜖2 −dS0𝜖3 0 0

0 −𝛼 − 𝜇 − 𝜈 + dS0𝜖1 dS0𝜖2 dS0𝜖3 0 0
0 0 −𝛿 − 𝜃 − 𝜇 − 𝜓 0 0 0
0 0 0 −𝛾 − 𝜇 − 𝜔 0 0
0 0 0 0 −𝜅 − 𝜇 0
0 0 0 0 0 −𝜇 − 𝜏 − 𝜒)

 
 
 

. 

The Gershgorin Circle Theorem (GCT) states that every eigenvalue of a matrix is located within at least one 

Gershgorin disc, each of which is defined for a specific row of the matrix. For row 𝑖 of matrix 𝐽, the 

corresponding Gershgorin disc 𝐷𝑖 is centered at the diagonal element 𝑎𝑖 and has a radius 𝑅𝑖 equal to the sum of 

the absolute values of the non-diagonal elements in that row. 𝐷𝑖 = {𝑧 ∈ 𝐶: |𝑧 − 𝑎𝑖𝑖| ≤ 𝑅𝑖} 

Calculating the Gershgorin Discs for the matrix 𝐽; 

𝑎11 = −𝜇 𝑅1 = |−dS
0𝜖1| + |−dS

0𝜖2| + |−dS
0𝜖3|

𝑎22 = −𝛼 − 𝜇 − 𝜈 + dS0𝜖1 𝑅2 = |dS
0𝜖2| + |dS

0𝜖3|

𝑎33 = −𝛿 − 𝜃 − 𝜇 − 𝜓 𝑅3 = 0
𝑎44 = −𝛾 − 𝜇 − 𝜔 𝑅4 = 0
𝑎55 = −𝜅 − 𝜇 𝑅5 = 0
𝑎66 = −𝜇 − 𝜏 − 𝜒 𝑅6 = 0
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Condition for Stability: 

When all Gershgorin discs are completely in the left half-plane and do not touch the imaginary axis, all 

eigenvalues have negative real parts. This indicates that the equilibrium is locally asymptotically stable. 

Condition for Instability: 

If any Gershgorin disc touches or crosses into the right half of the complex plane, the matrix has at least one 

eigenvalue with a positive real part, indicating instability.  If all values where 𝑎𝑖𝑖 belongs to set 1,3,4,5,6 are 

sufficiently negative and the radii 𝑅𝑖 are small, then the Gershgorin discs are fully contained within the left 

half-plane, indicating local stability. 

The critical situation occurs with the second disc, where the term 𝑎22 = −𝛼 − 𝜇 − 𝜈 + dS𝜖1 could cause the 

disc to move into the right half-plane if dS𝜖1becomes sufficiently large. If this disc crosses the imaginary axis, 

the system risks instability. 

If any Gershgorin disc touches or crosses into the right half of the complex plane, the matrix has at least one 

eigenvalue with a positive real part, signaling instability. Therefore, the alcohol-free equilibrium (AFE) is 

locally asymptotically unstable. To attain local asymptotic stability (LAS), the following condition must be 

met: 

{𝑎22 = −𝛼 − 𝜇 − 𝜈 + dS0𝜖1} < 0, 

Simplifying these results to: 

dS0𝜖1
𝛼 + 𝜇 + 𝜈

< 1 

Global Stability of the Alcohol-free equilibrium point (A.F.E) 

Theorem 3 

If equation 1 can be expressed as 
𝑑𝑋

𝑑𝑡
= 𝐹(𝑋, 𝑍) 

𝑑𝑍

𝑑𝑡
= 𝐺(𝑋, 𝑍), 𝐺(𝑋, 0) = 0 

Where 𝑋 = (𝑆, 𝑄, 𝑇) ∈ 𝑅+
3  denotes non-infectious compartments and 𝑍 = (𝐸,𝑀,𝐻) ∈ 𝑅+

3  denotes the 

infectious compartments. 𝐸0 = (𝑋
∗, 0) represents the Alcohol-free equilibrium point of the system if this point 

satisfies the following conditions: 

(i.) 
𝑑𝑋

𝑑𝑡
= 𝐹(𝑋, 0) where 𝑋∗ is globally asymptotically stable. 

(ii.) 
𝑑𝑍

𝑑𝑡
= 𝐷𝑧𝐺(𝑋, 0)𝑍 − 𝐺(𝑋, 𝑍) ≥ 0 for all 𝑋, 𝑍 ∈ Ω, 

where 𝐴 = 𝐷𝑧𝐺(𝑋
∗, 0) is an M-matrix (the off-diagonal elements of A are non-negative) and Ω is the region 

where the model makes biological sense [47]. Then we can conclude that 𝐸0 is a globally asymptotically stable 

(GAS) equilibrium of the model, provided that 𝑅0 < 1. 

Proof 

Applying Theorem 3 to model equation 1 gives 

𝐺̂(𝑋, 𝑍) = (
(1 −

𝜆

𝜇
)𝑑(𝜖1𝐸 + 𝜖2𝑀+ 𝜖3𝐻)

0
0

) ≥ 0 (2) 

Since 𝐺̇(𝑋, 𝑍) ≥ 0, by Theorem 3, 𝐸0 globally asymptotically stable. 
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Existence of Alcoholism Endemic Equilibrium point (AEE) 

The conditions for the existence of equilibrium, under which the model remains endemic within the 

population, were established [48]. The existence of AEE requires that the infectious classes of the system 

equation 1 satisfy 𝐸 > 0,𝑀 > 0, and 𝐻 > 0. Set ting the 𝐸,𝑀, and 𝐻 classes to zero, substituting them into 

each other, and imposing the condition that they are greater than zero, yields the following: 

𝑑𝑆[(𝛿 + 𝜃 + 𝜇 + 𝜓)(𝜂 + 𝜇 + 𝜔)𝜖1 + 𝛼(𝜂 + 𝜇 + 𝜔)𝜖2 + 𝛼𝜃𝜖3]

[𝛼(𝜃 + 𝜇 + 𝜓) + (𝜇 + 𝜈)(𝛿 + 𝜃 + 𝜇 + 𝜓)](𝜂 + 𝜇 + 𝜔)
> 1. 

Thus, AEE exists since 𝑅0 > 1. 

Bifurcation Analysis 

Consider the Jacobian matrix evaluated at the substance-free equilibrium: 

𝐽∗ =

(

 
 
 

−𝜇 −𝑑𝑆0𝜖1 −𝑑𝑆0𝜖2 −𝑑𝑆0𝜖3 0 0

0 −𝛼 − 𝜇 − 𝜈 + 𝑑𝑆0𝜖1 𝑑𝑆0𝜖2 𝑑𝑆0𝜖3 0 0
0 0 −𝛿 − 𝜃 − 𝜇 − 𝜓 0 0 0
0 0 0 −𝛾 − 𝜇 − 𝜔 0 0
0 0 0 0 −𝜅 − 𝜇 0
0 0 0 0 0 −𝜇 − 𝜏 − 𝜒)

 
 
 

. 

All model parameters are considered to be positive.. Since the matrix is lower triangular, its eigenvalues 

correspond to the diagonal entries: 

𝜆1 = −𝜇,

𝜆2 = −𝛼 − 𝜇 − 𝜈 + 𝑑𝑆0𝜖1,

𝜆3 = −𝛿 − 𝜃 − 𝜇 − 𝜓,

𝜆4 = −𝛾 − 𝜇 − 𝜔,

𝜆5 = −𝜅 − 𝜇,

𝜆6 = −𝜇 − 𝜏 − 𝜒.

 

Condition for Transcritical Bifurcation 

A transcritical bifurcation happens when a real eigenvalue passes through zero, with all other eigenvalues 

staying negative. This requires 

𝜆2 = 0 ⟹ −𝛼 − 𝜇 − 𝜈 + 𝑑𝑆0𝜖1 = 0, 

This expression simplifies to the following bifurcation condition 

𝑑𝑆∘𝜖1 = 𝛼 + 𝜇 + 𝜈.  

A bifurcation occurs when 𝑅0 = 1. 

Right Eigenvector for 𝜆2 = 0. 

The equation 𝐽𝐯 = 0 was solved to determine the right eigenvector 𝐯 = (𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6)
𝑇. The resulting 

matrix multiplication yields: 

Row 1: −𝜇𝑣1 − 𝑑𝑆
0𝜖1𝑣2 − 𝑑𝑆

0𝜖2𝑣3 − 𝑑𝑆
0𝜖3𝑣4 = 0, 

Row 2: (−𝛼 − 𝜇 − 𝜈 + 𝑑𝑆0𝜖1)𝑣2 + 𝑑𝑆
0𝜖2𝑣3 + 𝑑𝑆

0𝜖3𝑣4 = 0, 
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Row 3: (−𝛿 − 𝜃 − 𝜇 − 𝜓)𝑣3 = 0, 

Row 4: (−𝛾 − 𝜇 − 𝜔)𝑣4 = 0, 

Row 5: (−𝜅 − 𝜇)𝑣5 = 0, 

Row 6: (−𝜇 − 𝜏 − 𝜒)𝑣6 = 0. 

Because all diagonal entries except 𝜆2 were negative, it followed that 𝑣3 = 𝑣4 = 𝑣5 = 𝑣6 = 0. Substituting 

these values into Row 2 and applying the bifurcation condition, Row2 was identically satised. 

Row1subsequently yields: 

−𝜇𝑣1 − 𝑑𝑆
0𝜖1𝑣2 = 0 ⟹ 𝑣1 = −

𝑑𝑆0𝜖1
𝜇

𝑣2 

By setting 𝑣2 = 1 for normalization, the right eigenvector was given as follows: 

𝐯 = (−
𝑑𝑆0𝜖1
𝜇

1, 0, 0, 0, 0)

𝑇

. 

Left Eigenvector for 𝜆2 = 0 

We solved 𝐰𝑇𝐽 = 0, equivalently 𝐽𝑇𝐰 = 𝟎, for 𝐰𝑇 = (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5, 𝑤6). The transpose Jacobian was: 

𝐽𝑇 =

(

 
 
 
 

−𝜇 0 0 0 0 0

−𝑑𝑆0𝜖1 −𝛼 − 𝜇 − 𝜈 + 𝑑𝑆0𝜖1 0 0 0 0

−𝑑𝑆0𝜖2 𝑑𝑆0𝜖2 −𝛿 − 𝜃 − 𝜇 − 𝜓 0 0 0

−𝑑𝑆0𝜖3 𝑑𝑆0𝜖3 0 −𝛾 − 𝜇 − 𝜔 0 0
0 0 0 0 −𝜅 − 𝜇 0
0 0 0 0 0 −𝜇 − 𝜏 − 𝜒)

 
 
 
 

. 

Setting 𝐽𝑇𝐰 = 𝟎 : 

Row 1: −𝜇𝑤1 = 0 ⟹ 𝑤1 = 0, 

Row 2: −𝑑𝑆0𝜖1𝑤1 + (−𝛼 − 𝜇 − 𝜈 + 𝑑𝑆
0𝜖1)𝑤2 = 0 ⟹ 0 = 0 (satisfied at bifurcation), 

Row 3: −𝑑𝑆0𝜖2𝑤1 + 𝑑𝑆
0𝜖2𝑤2 + (−𝛿 − 𝜃 − 𝜇 − 𝜓)𝑤3 = 0 ⟹ 𝑤3 =

𝑑𝑆0𝜖2

𝛿+𝜃+𝜇+𝜓
𝑤2, 

Row 4: −𝑑𝑆0𝜖3𝑤1 + 𝑑𝑆
0𝜖3𝑤2 + 0 − 𝑤3 + (−𝛾 − 𝜇 − 𝜔)𝑤4 = 0 ⟹ 𝑤4 =

𝑑𝑆0𝜖3

𝛾+𝜇+𝜔
𝑤2. 

Row 5: (−𝜅 − 𝜇)𝑤5 = 0 ⟹ 𝑤5 = 0, 

Row 6: (−𝜇 − 𝜏 − 𝜒)𝑤6 = 0 ⟹ 𝑤6 = 0. 

With normalization by setting 𝑤2 = 1, the left eigenvector is: 

𝐰𝑇 = (0, 1,
𝑑𝑆0𝜖2

𝛿 + 𝜃 + 𝜇 + 𝜓
,
𝑑𝑆0𝜖3

𝛾 + 𝜇 + 𝜔
, 0,0) 

Bifurcation analysis reveals the presence of a transcritical bifurcation at the threshold value 𝑅0 = 1. When 

𝑅0 < 1, the substance-free equilibrium is stable, leading to the elimination of substance abuse in the 
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population. Conversely, for 𝑅0 > 1, an endemic equilibrium emerges, indicating the persistence of substance 

abuse. 

The right eigenvector 𝐯 shows that the bifurcation mainly affects the susceptible ( 𝑆 ) and non-dependent user 

compartments. The non-dependent user compartment ( 𝜈2 = 1 ) drives most of the dynamics, while the 

susceptible compartment responds in proportion to 𝑣1 = −𝑑𝑆0𝜖1/𝜇. The heavier user compartments 
(𝑣3, 𝑣4, 𝑣5, 𝑣6 = 0) do not play a direct role in the critical mode. 

The left eigenvector 𝐰𝑇 demonstrates that, although heavier user compartments have zero entries in the right 

eigenvector, they influence bifurcation behavior through the parameters 𝜖2 and 𝜖3 present in 𝑤3 and 𝑤4. This 

finding highlights a subtle coupling: the direction and stability of the bifurcation are affected by interactions 

with heavier user groups, even though these groups are absent from the full space. 

From a public health perspective, the analysis indicates that minor adjustments to prevention or treatment 

parameters near the threshold can lead to significant qualitative changes in population-level outcomes. 

Interventions targeting the initiation rate ( 𝜖1 ) or early recovery (𝜈) are mathematically supported as more 

effective strategies for eliminating alcohol abuse than those that focus exclusively on dependent users. 

Specifically, reducing 𝜖1 or increasing 𝜈 decreases 𝑅0, which may bring it below unity. 

Normalized Sensitivity analysis of the parameters 

The sensitivity analysis technique utilized was based on reproduction numbers. This approach determines the 

contribution of each parameter value to the reproduction number by employing partial derivatives with respect 

to the parameters. These indices are given by 

Λ𝜌
𝑅0
∗

=
𝜕𝑅0

∗

𝜕𝜌
×
𝜌

𝑅0
∗ 

Table 2: Sensitivity indices based on parameters of the reproduction numbers 

Parameter Sensitivity Index 

𝑑 1.0000 

𝛼 0.0474 

𝛿 -0.0133 

𝜓 -0.0632 

𝜃 0.0117 

𝜈 -0.5151 

𝜔 -0.0105 

𝜖1 0.8784 

𝜖2 0.0984 

𝜖3 0.0232 

The parameters 𝑑, 𝛼, 𝜃, 𝜖1, 𝜖2, and 𝜖3 all exhibited positive sensitivity indices, indicating that increases in any 

of these parameters would result in a higher basic reproduction number 𝑅0. Among these, the force of alcohol 

recruitment 𝑑 and the transmission rate associated with experimental drinkers 𝜖1 were identified as the most 

influential. Specifically, a 10% increase in 𝑑 would raise 𝑅0 by approximately 10%, while a 10% increase in 

𝜖1 would increase 𝑅0 by about 8.8%. These results suggest that interventions aiming to reduce alcohol-related 

harm should focus on decreasing both the overall recruitment into drinking and the social influence exerted by 

individuals in the experimental stage. 

The sensitivity indices 𝛿, 𝜓, 𝜈, and 𝜔 were negative. The most noticeable effect was seen for 𝜈 = −0.5151, 

signalling that increasing the transition of experimenting drinkers into the quitter class significantly reduced 

alcoholism transmission. The next significant control parameter was 𝜓 = −0.0632, which represented the 

transition of moderate drinkers into the quitter class. 
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Numerical Simulations 

To observe the dynamics of alcoholism over time, numerical simulations were performed with Python. The 

parameters in Table 1 are used in the simulation and the interpretations presented. Initial conditions were taken 

as follows: S(0) = 950, E(0) = 30, M(0) = 15, H(0) = 3, Q(0) = 2, T(0) = 0. 

 

Figure 2: Graphs showing the effects of varying transfer rate ν from experimenting to quitters.  

Figure 2 shows that increasing ν by 100% decreases both heavy drinkers and the treated class by 13.1% and 

14.6%, respectively; conversely, decreasing ν by 75% increases heavy drinkers and the treated class by 18.4% 

and 20%, respectively. 

 

Figure 3: Graphs showing the effects of varying ψ on population. 
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Figure 3 shows that increasing ψ by 66.7% decreases Moderate drinkers by 16.6%, heavy drinkers by 15.7%, 

Treated class by 22.2%, and decreases Quitters class by 3.2%, while decreasing ψ by 66% increases Moderate 

drinkers by 36.2%, Heavy drinkers by 5.1%, Treated population by 33.3%, and increases Quitters by 5.4%, 

respectively. 

 

Figure 4: Graphs showing the effects of varying 𝜔 on population. 

Figure 4 demonstrates that increasing 𝜔 by 90.8%, results in a 55.6% increase in the treated population, while 

decreasing ω by 61.8% results in a 55.6% reduction in the treated population. An increase of 90.8% in ω 

reduces the number of heavy drinkers by 19.6%, whereas a decrease of 61.8% in ω increases the number of 

heavy drinkers by 55.6%. Changes in 𝜔 have minimal effects on the populations of experimenters, moderate 

drinkers, and quitters. 

 

Figure 5: Graphs showing the effects of varying both ν and ω on the population. 

Figure 5 shows the effects of varying ν and ω when they are low, high, and very high. 
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Figure 6: Graphs showing the effects of varying both θ on the population. 

Figure 6 shows that an increase in θ leads to more heavy drinkers and a larger treated population, while a 

decrease in θ reduces both groups. 

 

 

Figure 7: Reproduction number surface 

Figure 7 shows the reproduction number surface of  𝜖1 and d. 
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Figure 8: Variables Correlation matrix 

Figure 8 shows the correlation matrix of the compartments.  

RESULTS, DISCUSSION, AND CONCLUSION 

The study developed a Susceptible-Experimenting-Moderate-Quitters-Heavy-Treated (SEMQHT) 

deterministic model, formulated with Ordinary Differential Equations (ODEs), to describe the transmission 

dynamics of alcohol addiction and to assess interventions aimed at reducing addiction. The qualitative 

behavior of system 1 was examined by first establishing the positivity and boundedness of the solutions, 

ensuring biological consistency. The equilibrium points were then determined, and the control reproduction 

number was derived using the next-generation matrix method. The local stability of the alcohol-free 

equilibrium was assessed using the Gershgorin Circle Theorem, while global stability was established through 

the Castillo-Chevez method. Conditions for the existence of an alcohol endemic equilibrium point were 

derived, followed by a detailed bifurcation analysis. Finally, a normalized sensitivity analysis was performed 

to identify the most influential parameters, and numerical simulations were conducted to complement the 

analytical findings. 

From the analysis carried out, the model was found to be bounded and lay in the positive region, and the 

alcoholism-free equilibrium was given as 𝐸0 = (
𝜆

𝜇
, 0,0,0,0,0). 

The control reproduction number was found to be 𝑅0 = 0.2345 from numerical computations. Stability of the 

alcoholism-free equilibrium was found to be locally asymptotically stable (LAS) and globally stable (GAS) 

whenever 𝑅0 < 1. The alcoholism endemic equilibrium point (AEE) existed whenever 𝑅0 > 1. 
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Bifurcation analysis reveals the presence of a transcritical bifurcation at the threshold value 𝑅0 = 1. When 

𝑅0 < 1, the AFE is stable, leading to the elimination of alcohol abuse in the population. Conversely, for 𝑅0 >
1, an endemic equilibrium emerges. 

From the sensitivity analysis, the parameters 𝑑, 𝛼, 𝜃, 𝜖1, 𝜖2, and 𝜖3 exhibited positive sensitivity indices, 

indicating that increases in any of these parameters would result in a higher basic reproduction number 𝑅0. 

Among these, the force of alcohol recruitment 𝑑 and the transmission rate associated with experimental 

drinkers 𝜖1 were identified as the most influential. Specifically, a 10% increase in 𝑑 would raise 𝑅0 by 

approximately 10%, while a 10% increase in 𝜖1 would increase 𝑅0 by about 8.8%. These results suggest that 

interventions aiming to reduce alcohol-related harm should focus on decreasing both the overall recruitment 

into drinking and the social influence exerted by individuals in the experimental stage. 

The sensitivity indices 𝛿, 𝜓, 𝜈, and 𝜔 were negative. The most noticeable impact was seen for 𝜈 = −0.5151, 

indicating that increasing the transition of experimenting drinkers into the quitter class significantly reduced 

alcoholism transmission. The next significant control parameter was 𝜓 = −0.0632, which represented the 

transition of moderate drinkers into the quitter class. 

Finally, numerical simulations showed that interventions to reduce alcohol-related harm need to focus on 

reducing overall recruitment into drinking and effective transfer to the treated class. These are the most 

efficient in curbing the spread of alcoholism. Strategies should aim to increase 𝜈 and 𝜓 significantly, as well as 

increase those taken to recovery centers, that is, increase 𝜔 substantially. 

Interpretation of Findings in the Kenyan Context 

The sensitivity analysis shows that the factor most affecting 𝑅0  is the rate at which young people start 

drinking alcohol (d), with experimental drinkers (𝜖1) coming next. This is especially important for Kenya, 

where NACADA reports that about half of all drug and substance abuse users are between 10 and 19 years old 

[9]. The strong effect of 𝜖1 on 𝑅0 means that peer influence and social networks among young people are key 

drivers of alcohol use. In Kenyan secondary schools and universities, peer pressure and the desire to fit in often 

lead to drinking. Programs that help students resist peer pressure and use peer-led education should be 

prioritized to directly address this problem and may greatly reduce alcohol use overall. 

The negative sensitivity index for ν (−0.5151) indicates that helping experimental drinkers quit is the next-

most-effective way to reduce 𝑅0. This is important because many young people in Kenya start drinking before 

they become physically dependent. NACADA already focuses on raising awareness and early intervention in 

schools, which aligns with these findings. However, our results suggest that these programs should be 

strengthened and carefully reviewed. For example, Kenya's "Drug and Substance Abuse Prevention in 

Schools" program could add counseling services to help students spot early warning signs and stop drinking 

before it becomes a bigger problem. 

Integration with Existing Kenyan Frameworks 

The National Authority for the Campaign Against Alcohol and Drug Abuse (NACADA) has established a 

comprehensive framework focused on prevention, treatment, and social reintegration. Our results reinforce 

NACADA's emphasis on youth-focused prevention, as the experimental drinking group was the most 

responsive to intervention. These findings indicate that sustaining and expanding school-based prevention 

initiatives, alongside strengthening early referral systems for young experimental drinkers, represents an 

effective strategy. 

Kenya Vision 2030 identifies health and social welfare as central components of national development. Our 

study demonstrates that investments in alcohol prevention and early intervention yield measurable public 

health benefits, including a reduced heavy drinking population and fewer alcohol-related deaths. These 

outcomes reinforce the economic rationale for allocating resources to alcohol control measures, as decreased 

alcoholism prevalence contributes to a healthier workforce and increased national productivity. 
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Conclusion 

From a policy perspective, these outcomes support a comprehensive method that includes: (1) school-based 

prevention programs to reduce alcohol initiation and peer influence, (2) community-based early intervention to 

assist experimental drinkers in discontinuing use before escalation, (3) stronger enforcement of alcohol 

availability regulations, (4) expansion and enhancement of rehabilitation services, and (5) integration of mental 

health services into alcohol treatment programs. Coordinating prevention, early intervention, and treatment 

initiatives within a framework guided by mathematical modeling may enable Kenya to substantially reduce the 

burden of alcohol use disorders and advance its health and development objectives. 

Data Availability 

The parameter values used in the mathematical models were taken from the existing literature (see Table 1 for 
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