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ABSTRACT

Globally, healthcare systems face the pervasive challenge of optimizing patient flow, minimizing wait times,
and enhancing service delivery in this research work, an M/M/1 queueing system is considered with impatient
customers and a variant of multiple vacation policy, where the case that customer impatience is due to the
servers’ vacation is examined. Whenever a system becomes empty, the server takes a vacation. However, the
server is allowed to take a maximum number of vacations, denoted by K vacations, if the system remains empty
after the end of a vacation. We derive the probability generating functions of the steady-state probabilities and
obtain the closed-form expressions of the system sizes when the server is in different states. In addition, the
closed-form expressions for other important performance measures is obtained. Finally, some numerical results
are presented. Our result shows that E (Lg) and the mean system size E (L) all decrease with 6 for any finite K
whereas Py and P, neither increase nor decrease with 8 when K =2 and K = 3.

Keywords: M/M/1 queue; Synchronous working vacation; Impatient customers; Generating function.
BACKGROUND STUDY

Globally, healthcare systems face the pervasive challenge of optimizing patient flow, minimizing wait times,
and enhancing service delivery (Amina et al, 202; Ankita, 2022). Lengthy waiting times in outpatient services
are particularly detrimental, leading to diminished patient satisfaction, potentially compromised clinical
outcomes, and a reduction in overall healthcare efficiency and accessibility (Asssia, 2016, Dorac et al, 2022, and
Eitan and Uri, 2006).

Healthcare delivery is increasingly challenged by rising patient demand, limited resources, and the need for
efficient operations (Litvak, 2010). Long wait times in outpatient services have been consistently linked to
patient dissatisfaction, reduced adherence to treatment plans, and negative health outcomes (Bleich, Ozaltin, &
Murray, 2009). Long wait times can be attributed to various factors, including systemic inefficiencies,
communication breakdowns, and psychological aspects related to waiting (Davis et al., 2018; Smith, 2020).
According to Encho et al, 2025, waiting-time, problem arises whenever the demand for customer service cannot
perfectly be matched by a set of well-defined service facilities. That is, there is more demand for service than
there is facility for service available. This may be adduced to shortage of available services, or limitation to the
amount of service that can be provided consequently, the identification and mitigation of factors contributing to
these delays are paramount for healthcare administrators and policymakers seeking to improve the quality and
effectiveness of care.

Queueing theory offers a powerful and versatile analytical framework for modeling and optimizing patient flow
dynamics within healthcare settings (Hanumanthar and Vasanta, 2017; and Mokhitar et al. 2020). The M/M/1
queueing model, a foundational cornerstone of queueing theory, provides a simplified yet insightful
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representation of a single-server queueing system characterized by Markovian (i.e., exponential) arrival and
service processes (Pllabi and Amit, 2015). In this idealized model, patients arrive randomly at an outpatient
clinic, potentially forming a queue if the attending doctor or nurse is currently occupied, and are subsequently
served based on a first-come, first-served (FIFO) service discipline. The M/M/1 model rests on the assumption
that both the inter-arrival times between successive patients and the service times for individual patients follow
exponential probability distributions (Rahegh and Bhupender, 2020).

The M/M/1 model serves as an initial analytical tool to demonstrate that substantive waiting times will invariably
emerge in outpatient service environments when the patient arrival rate (1) closely approaches or surpasses the
service rate (i) of the healthcare provider (Shenghl et al, 2024). Specifically, as system utilization (p), defined
as the ratio of arrival rate to service rate (p = A/p), increases and approaches 1, the average waiting time
experienced by patients in the queue (WQq) increases non-linearly and may quickly become excessive (Zahiaet et
al, 2023; Kumar and Reghunathan, 2022). This analytical insight underscores the challenges encountered in
many outpatient settings, where elevated patient loads coupled with constrained provider capacity create
conditions conducive to prolonged waiting periods.

The M/M/1 queueing model, characterized by Poisson arrivals, exponential service times, and a single server,
provides a fundamental starting point for analyzing queueing systems (Gross et al., 2018). However, its
simplicity often limits its applicability to complex healthcare environments where physician breaks,
administrative tasks, and variations in patient needs lead to periods of server unavailability (vacations) (Doshi,
1986).

To better capture the realities of outpatient services, queueing models that incorporate server vacations are
essential (Tian & Zhang, 2006). This study proposes to analyze patient flow dynamics at the Regional Hospital
Bamenda's outpatient service using an M/M/1 queueing model with vacations, aiming to provide insights into
optimizing resource allocation, reducing patient wait times, and improving the overall patient experience.

However, the basic M/M/1 queueing model possesses limitations that restrict its ability to fully capture the
complex operational realities of contemporary healthcare systems (Davis and Heineke, 2021). A central
limitation arises from the assumption of uninterrupted and continuous service availability. In real-world clinical
practice, healthcare providers are not constantly engaged in direct patient care; they routinely take scheduled
breaks, participate in meetings or administrative tasks, or are temporarily diverted to handle urgent clinical
matters. These periods of provider unavailability effectively introduce interruptions in service, which can be
modeled using the concept of "vacations” within queueing theory (Kumar and Veinartz, 2020; Bitnar and
Wang,2019).

Queueing models incorporating server vacations represent a significant extension to the basic M/M/1 model by
explicitly accounting for periods during which the server is temporarily unavailable for patient service (Chebat
and Michan, 2020). These extended models offer a more accurate portrayal of the stochastic dynamics prevalent
in healthcare delivery and permit more robust assessment of patient waiting times under varying operational and
scheduling scenarios (Kwortnik and Thompson, 2021; Baker and and Cameron, 2021). Further, vacation models
provide insights to the best operational procedures, such as non-exhaustive or exhaustive methodologies. Where
exhaustive states that the provider should not take a break till all the patients are served, non-exhaustive states
that the provider should take breaks.

The Regional Hospital Bamenda, situated in Cameroon, exemplifies a healthcare facility in a developing-world
context that contends with significant challenges in managing patient flow and mitigating lengthy waiting times
in its outpatient service areas (Roehrich and Grovold, 2019). These challenges are further exacerbated by
resource scarcity, chronic staffing shortages, and increasing demand for diverse healthcare services within the
community. In order to effectively address the complex clinical and operational challenges, it is important to
address specific solutions (Kumar and Raghunathan, 2022).

Therefore, gaining a comprehensive and nuanced understanding of patient flow dynamics within the Regional
Hospital Bamenda setting is of paramount importance for the development and implementation of targeted
interventions that can effectively improve service delivery processes and concomitantly enhance the overall
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patient experience (Kumar and Reinartz, 2020). By developing and utilizing queueing-based models, this will
contribute in identifying specific recommendations that would reduce congestion (Vehoet et al, 2021; Huang et
al, 2022).

Accordingly, this research study intends to overcome the intrinsic limitations of the basic M/M/1 queueing model
through the application of an M/M/1 queueing model with vacations specifically tailored to analyzing patient
flow characteristics within the outpatient service department of the Regional Hospital Bamenda. The main point
that should be considered is to avoid generalizations, so that the operational model can be specifically applied
(Kwortnik et al, 2020; Lemon and Verhoef, 2019).

MODEL DESCRIPTION

We consider an M/M/1 queueing system with impatient customers and a variant of a multiple vacation policy.
Customers arrive according to a Poisson process at rate A. The service is provided by a single server, who serves
the customers on a first-come first-served (FCFS) basis. The service times follow an exponential distribution
with a service rate 4. When the server finishes serving a customer and finds the system empty, the server leaves
for a vacation. If the server finds a customer at a vacation completion instant, the server returns to serve
customers immediately. Otherwise, the server will take vacations consecutively until the server has taken a
maximum number of vacations, denoted by K vacations, and then the server stays idle and waits to serve the
next arrival. The vacation times are assumed to be exponentially distributed with vacation rate . During the
vacation, customers become impatient. That is, whenever a customer arrives at the system, it activates an
“impatience timer” T, which is exponentially distributed with parameter 6. If the customer’s service has not been
completed before the customer’s timer expires, the customer abandons the queue, never to return.

Stationary Analysis

A differential equation is developed for the probability generating functions of the steady-state probabilities and
solved to obtained an expression for the mean system sizes and important performance measure when the server
is in different states

Generating Functions

Let L(t) denote the number of customers in the system at time t, and let J(t) denote the status of the server at
time t, which is defined as follows:

J(t) = j denotes that the server is taking the (j + 1)th vacation attimetforj =0,1,...,K — 1, while J(t) = K
denotes that the server is idle or busy at time t.

Then, the process {(L(t), J(t),t = 0)} defines a continuous-time Markov process with state space Q =
{(n,j)n=0, j=0,1,...,K}.

the process {(L(t),/(t),t = 0)}. Then, the set of balance equations is given as follows:

Let P,; = limt —» o P{L(t) = n,J(t) = j},n = 0,j = 0,1,...,K, denote the steady-state probabilities of

(A B)Pog = OD10 F P K e (1)
A+B+nO)Py=APy_jp+ M+ DOP, 10N =0, o )
A+ B)Pyj = OP); + BPyj_psj = 1,2, e, K = 1 oooooooiiiecee 3)
A+B+nO)Pyj =APy_;j+(n+ 1)6P,yj, j=12,.K—1n=1..................... (4
AP = B POk oo (5)
A+ WPy = APn_ ik + UPpysc + BYSZ  Pojy = 1o (6)
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And normalizing condition:

P00 Prj = L 7

Define the probability generating functions (PGF's) as:
Gi(z) = Xp=oPnjz", 0<z<1,j=0,1,..,K.
Define,

Gi(2) = %Gj(z), j=01,..K.

Then, multiplying each equation for n in Equations (1), (2), (3) and (4) by z", and summing all possible values
of n and re-arranging terms, we get;

(1 —2)Gy(2) = [A(I —2) + B1Gy(2) = —UP k. oo, 8
and
0 (1 —2)Gi(2) —[A(I —2) + B1G;j(2) = =BPyj_;j = 1,2, e, K= L. 9

Similarly, using Equations (5) and (6) we obtain:

(I — )z — W6k (2) = Bz L5} 6;(2) + (2 — DuPy — [uPrc + BEK Pyjlz..... (10)

we solve the differential equations (8) and (9) by using the method in Altman and Yechiali (2006).
Solutions of the Differential Equations

Equation (8) can be written as follows by taking 8 (/ — z) to divide through the equation:

0(1-2)Gy(2)-[A(I-2)+B1Go(2) _ —uP ik
0(1-z) T 6(-2)

. ' A B P
ie Gy(2) - [5+ 9(1_2)] Go(2) = = A (11)

In order to solve the differential Equation (11), we obtain the Integration Factor and multiply both sides of
Equation (11) by Integrating Factor (I.F.).

i.e. LF = el P4 from the differential Equation of the form % + Pz =0Q.
This implies,

A, _B
LF.= e_[f (§+0(/—z))dZ]

B
o

B A
[f (i-}- B )dZ] = %z+§1n (] —Z) = gz+]n (] —2)5 = e—ﬁz+1n(1—z)

_A B
~1.F.=e 9°(]l —z)6

Use I.F. to multiply both sides of equation (11)
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! B2 2 : S 5
Gy(2)e 9(1—2)9—[5+6(lﬁ_z)]e (1 = 2)79G)(2) = — g e 70 (1 = 2)9

A B A B
e (U = 2)9Gy(2) = B e (1 — 2o
dz (2]

By integrating both sides from 0 to z, we have;

Ji d(Gy@e 7 (1 = 208 = — [ (M2 (1 — 0™ ) dx

I 2 B1% A B
Go(x)e & (1 — x)g] = —% - (P,Ke_ﬁx(] - x)ﬁ_l) dx
! 0

:GO(Z)e_%Z(I - Z)g - 00(0)6_%0(1 - 0)5] N %foz (PIKe_%x(] - x)g_]) dx

:GO(Z)e_%Z(] - Z)g - 60(0)] - %1 fOZ (PIKe_%x(] — X)g_l) dx

GO(Z)e_%Z(] B Z)%Z(] - Z)g = Gy(0) - %foz (PIKe_%x(] — x)g_l) dx

1 B
_& 60(0)—%f(f(P,Ke_?x(l—x)?—/)dx
(I-2)$
Therefore,

2 i
Go(0)-4 fOZ<P ke 05 (1-x)8"" )dx
RN (12)

A
Go(z) = et
(I-2)

Since Gy(1) = Yoo Pro < o and z = 1 is the root of the denominator of the right-hand side of Equation (12),
we have that (z = 1) must be the root of the numerator of the right-hand side of Equation (12). So, we obtain:

Go(0) = gcpl,( ................................................................................. (13)

A

8
where C = fole_ex(l )0 T (14)

Noting G,(0) = Py, Equation (54) implies;

G| 9 B_, _2
Go(2) =~ [Go(0) — 4 (2 Poo) [0 = ) e+ x|
(1-2)¢§
i, s 2
7] P_ _Z
Go(2) =51 -2 -y te dex]Poo ....................................... (16)
(1-z)6 -
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Equation (9) can also be written as:

9(1—z)G]'-(Z)—[/'l(l—z)+ﬁ]Gj(Z)=—ﬁPoj—1
6(1-2)

G/(@) — [+ 5E5]6(2) = =22 (17)

B
0(1-2) 0(1-2)

In order to solve the differential Equation (17), we obtain the Integration Factor and multiply both sides of
Equation (17) by Integrating Factor (I.F.).

i.e I.F.= el P4 from the differential Equation of the form % + Pz = Q.

This implies;

I.F.= e_[f(%Jre(ﬁz)dz)]

8
: A
€ [f (5 61— z)) dZ] ) I”(l —2)= ‘Z +In (1 - 2)8 = e"a 027

_A B
e o°.er(In (I —z)eo

A B
~I.F.=e 0 (1 —2z)6
Use I.F. to multiply both sides of equation (17)

B
3

2 B . _A
e 7 (1 — 2)96,(z) = — 2=l " (1 — z)

/ _4, E
G (2)e™# (1 — 2)6 — [5+ !

B
0(1-2)
[ __Z(I — Z)9G (z)] ﬁp"f ! —-Z(] _ 2)5—1
By integrating both sides from 0 to z, we have
S d (6Goe 51— ) = [R5 (1 )5 dx

I 2 B1% A B
6,007 (1 =x)0| =L [ (Poyse (1 -0 dx

[ A B A B A B
G,(2)e 8 (1 - 2)0 — G;(0)e (1 — 0)6] = L (X Py @ —x)0 !

' 2, 8 8 oz 2, b_,
G,(2)e”d (1—z)e—cj(0)] = L (X (Poyre ™ (1 - x)7 dx

_iz E ﬁ' z —ix E—l
Gi(z)e 9" (1 — z)e = G;(0) — Efo (Pyj—1e 8 (1 —x)6 " dx

A B
2 Bz A By
Gj(Z)e_§Z = |:G](0) efo(P0]—1e 7 (1-x)0 dx‘

B
(1-z)6
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Therefore,

5 z —&x E—l
1 Gj(O)—EPOj_lfO(e 6" (1-x)0 )dx
Gi(z) = e?”

B
(1-2)6

Since G;(1) = X5—oPnj <oand z = I is the root of the denominator of the right-hand side of Equation (18),
we have that z = 1 must be the root of the numerator of the right-hand side of Equation (18). So, we obtain;

Poj = Gi(0) =L CPyj_1 j =12, ., K = Lccooiiiiiiioiiiioiccccececee (19)
Note,

0P,
Poj—l = ﬁ_gj

Where C is defined by Equation (14), i.e,
A B
C = fol e 0" (1—x)e tdx
Using Equation (19) repeatedly, we obtain;

Poj = A1Pyg, J = 1,2, e, K = Lo, (20)

Where A = %C. Substituting Equation (20) into Equation (18), we obtain;

6= 23160 -8 (5) (0 -0 e

o° | 0 B_, _4
Gi(2) = Poj_g(ﬁpoj) foz(l—x)e e exdx]

[ . . B A
APy, — £ (= ATPy) [7(1 - x)5_le_5xdx]

=)

BC

(1-2)6

A
ed’ 4l
B
[

[ 1z B_, _4, .
Gi(2) = 1—Ef0(1—x)6 e e dx]Poojzl,Z,...,K—l ........................ (21)

(1-2)

Using Equation (15) and (21), we obtain,

APy = BPok-1

We derive the probability P,, and the mean system sizes when the server is in different states.
Mean System Sizes
We derive the probability P,, and the mean system sizes when the server is in different states

For j = 0,1,2,...,K, let L; be the system size when the server is in the state j. Then, E(L;) is the mean system
size when the server is in the state j, which is defined by:
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E(Lj) =G/(1) = ¥pynPyj, j=012,...K
Recall that,

Gj(2) = Y=o Pnjz"

Gj'(z) = Y= NPpjz" but z =1

Gi(1) =YnonPyj, j=012,...K

Thatis, forj = 0,1,2,...,K — 1,E(L;) represents the mean system size when the server is taking the (j +
Ith vacation, and E (L) represents the mean system size when the server is busy or idle. We first derive E(L;)
forj =01,2,...,K — 1L

Making G,(z) subject of the formula from equation (11), we have as follow;

: A, B up
Go(2) — 5+ 9(1—2)] Go(z) = — e(zii)

, _ [A6o(@) | BGy(z)  wPik
Go(2) = ) 0(I-2) 9(1—2)]

' _ [A-2)Gy(2)+BGy(z)—pP ik
GO (Z) - 0(1-2) ]

Taking the limit of both sides as z — 1, then,

A(I-2)Go(2)+BGo(z)—uP g
6(1-2)

Gy(1) = lim

Using L’Hopital rule, i.e. differentiating with respect to z the numerator and denominator of R. H. S of G,(1) we
get:

[A(1-2)+B]Gy(z)-uPk

Gy(1) = lim

6(1-z)
GO'(I) — _AGO(ZE';[SG()(Z)
' —AGy(D+BGy(1)
GO(I) — 0——6ﬁ0

—6G,(1) = =2Go(1) + BGy(1)
AGy(1) = BGy(1) + 6Gy(1)
Thus, we obtain;

(BHO)G(I) = AG)(1) ... (23)

Similarly, from Equation (17),

, _ i B ] _ BPoj—1
G;(2) [9 + 9(1—2)] Gj(2) = 0(1-z2)
Making Gj' (z) subject of the formula, we have;

ooy _ [A6i@ | BGj(z)  wPgj-;
G]-(z) _[ 0 0(1-z) 6(I-2)
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-
o
z

FY

~

, _ [AU-2)G;(2)+BGj(2)—pPyj—;
Gj(2) = [ 0(1-2) ]

Taking the limit both sides as z — 1, then,

A1-2)G(2)+B6j(2)~uPyj_
6(1-2)

G;(1) = lim

Using L Hopital rule, i.e. differentiating with respect to z the numerator and denominator of R.H.S. of Gj’ (1) we
get:

[A(1-2)+p16Gj(2)-pPyj—;

61 = I

0(1-2)
1oy MG (@)+BG;(2)
Gi(l)=——T"—"— 5
. —AG;(D+BG;(1)
Gj(]) = 1_—91

—&G;(1) = —AG;(1) + BG;(D)
AG;(1) = BG;(1) + 6G;(1)
Thus, we have;

A+ 60)G(1) =2AGi(1), j=0,12,c, K= L.coiiiiiiiiiiiiiiiiiiii e, (24)
' A
In this way, equations (23) and (24) imply,
' A .
E(L;) =G/(I) = [mcj(l), F=00, ) K= 1o (25)

Forj=0,1,..,K—1letP; = Gi(1) = X5y Pp. Then, for j = 0,1, ...,K — 1, P represents the probability that
the server is taking the (j + 7)th vacation, and P represents the probability the server is busy or idle.

From Equations (16) and Equation (21), using L’Hopital rule, we get the following: Solving (16) first, i.e.

Let the Integral function in the numerator be represented as I i.e.
B -8B

I=[U- x)e T8 dx

Using Integration by art:

fudv =uv — [ vdu

u=e»9
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B_
dv=(—x)eo
fdv=[U-x)"
v = —%(1 - x)g

A B P 1
I=ww— [vdu = e 7 (=201 - 0)0) ~ £ 71 — x)0e 5 dx
B 6B 70
2 B B B
= 2t b2 e b

B
Also, let, u = (1 — x)#
B
du = —g(] —x)o 'dx

A
du =e odx

[dv=[ed dx
—__1* -5
v=-—ze
I =uv— [vdu

B B B B
s bbb s

Hence;

B B B 2 A B
I'= —%e_?‘(l —x)f — % [—%(1 — x)me o =L [ 7o (1 — x)o”’ dx]

_ 8 2 E Al 2 B A B
1—_Ee 6 (]—x)e—E[—a(l—x)ee g _EI]

2] _i E 12 E _i /12
I:_Ee ex(l_x)9+ﬁ_9(1_3€)96 9x+§[

2. A2 B A, 9 _2A,
I—EI—H—H(l—x)Ge 0 —Ee 6 (]_—x)

2_32 2 B _A A B
1(55) =5 U -0 e L& (1 -x)0

2 B A 3 A Y
167 =) =22 (1 = x)oe 7 = e o (1 = x)9
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B A 3 2 B
—x)6e 8" — —p(eg—ﬂ) e (1 —x)e

Taking the definite integral from 0 to z
I B r22—on\1?
I = [Ee o (1 —x)e (92_12)]0
_9 —&Z E 12_92 B /‘{2_92
I'= 7€ ° (1 —2z)e (92—/12) ) (92—/12)
0 (2’-e’ _4, __1
=5 ru -0
1 E_] —&x
Where, C = [ (1 —x)6 e 8" dx
ﬁ 12_92 1
c=[setu i)
__1 6 6 % B ra2-p?
=gt 0 () - st - o (50
6 (1°-6°
¢= _5(92—,12)

Therefore, putting C and I into G,(z) we have:

&z [ fz(] )g—l —%xd
el —x e x
GO(Z) = B 11— . 0/22-02 ] 00
(1-2)8 %)
7 | [ )§—1 ‘%"d
e —X e X
Gy(z) = 1 LR ryevars: ‘ 00
(-2)0 o)

B 2 2 p2 2 B
Since, I = fOZ(] —x)e e dx = 9('1 o ) [9_52(1 —z)0—1

ﬁ 92_12
A "( )[ “Z(z 2)9 1}
6” B\o2-22
(-2)0 o)
A
A A p
Go(2) == |1 + 7821 — 2y — 1] Py
(1-2)0
A
Ao p
Go(2) = = |e 78" (1 —2)5] Pyo
g L

(I-z)
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e6”

Using L’hopital rules; Gy(z) = lirr} IT] Py
z=1 | 5%

AT 4,

= 2]
Go(1) = Z|5| Py

7 Led”

Ap 2

z [Z]
Go(1) = £ |=| Poo

3 |l exi

Solving Equation (21) in a similar manner using L’Hopital rules, thus:

A
2, s 2
Gi(z) = :19 ‘i’g [1 - éfoz(l — x)5_1e_5xdx] Py j=12..,K—1
—Z

;{2_62
92-)2

B A A B
Since, I = [(1 — x)o /e #%dx = %( ) [e‘az(z —2)a— 1| and

-3

Therefore, putting € and I into G,(z) we have:

a [ fa-ne x|
ed’A -Z e X
G](Z) = E I - 0/12-02 POO
(1—2)9 | _E(QZ_AZ)
&z j [ fz(] )%—1 —%xd ]
824 —x e x
Gi(z) = |+ Poo
(1-z)6 | E(é—ﬂ)
2_g1\[ _4, B
0% 1) %(22_22)[9 U
G](Z) = E ] + 0 12_92 P00
(1-2)6 5(92—/12)
a%ai [ _A B
G](Z)= il AE ] +e GZ(I—Z)Q—I]POO
(1-z)6 *+
A, i 2 B
[Z) - =
6i(2) = S5 5 (1 = 230
(1-z)6
2,
84
Gi(z) = le 7| Poo
ed”
A
. . . ed%a/
Using L’Hopital rules, G;(z) = llrr}l p) lp 00
z— 007
Ap A,
z |e8%a
G; (1) =§[€ T lPoo
Fled”
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2
efal
Gi(1) = l p) l Poo
€0

G;i(1) = ATPy

ml>»|ﬂ~|>z

2Py =Gi(1) = AT Pypecccciii (26)
Using equation (23), Equation (25) can be written as:
2
E(L) = m(;j(l) 01,..,K—1
E(L;) —B+9AJ TPy = 0,0, i) K = 1o (27)
Note that, from Equation (27) and 0 < A < 1, itis easy to see that the mean system size E(L;) is a decreasing

convex functionof jforj = 0,1,...,K — 1. Furthermore, the mean system size when the server is on vacation,
denoted by E(Ly), is obtained as follows:

E(Ly) = X0 E(L) = /z+e A(l A) 00+« et (28)
Deriving P and P,, from Equation (15), (20) and (26), we have

uPc = BPyand Py;_; =P, j=12,..,K— 1.

Thus, we have:

UPi + BYK Py = BEK Py (29)

Using equation (29), Equation 11(51) can be written as, i.e.

(1-2) (Az — W) (Gx(2) = Bz XX Gi(2) + (z — DuPy — [uPik + B XS] Pojlz (z — DAz — p)Gy(2) =
Bz YK Gi(2) + (z — DuPyy — [BZ i Pz

(I = 2)(Az — )Gk (2) = Pz £[5) Gj(2) + (z = DpPox — Bz E[5) P
(1 - 2)(Az — WGk (2) = Bz XXJ[G;(2) — Pj| + (z — DuPyk
(1 = 2)(Az — WGk (2) = Pz XXJ[G;(2) — Pj| — (I — 2)uPy

Bz Zf-(;o][Gj(Z)—P.j]_ HPok
Az—w)’ (I-z) (Az-p)

Gk(z) =

Applying L’Hopital rule, thus:

Bz . Z;{:_o][Gj(Z)—P.j] i HPoK
Gi(2) = lim == lim==—7—> 251 (Az—p)
_ Y Zﬁ'{z_OI[G]"(Z)_P.j] _ uPOK
Ge(2) =G5~ -1
5|6 @-p;
GK(Z)=B]0[JZ J]_HP()K

(u-2) (A-uw)
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-
o
z

FY

~

p3i6;@-P;|  upyk
(u—=2) (u=-2)

GK(Z) =
We have;

B Zg'(z_()j[G],'(I)_P.j]J’-#POK

GK(]) = =)

Noting G, (1) = P and G;(1) = E(L;), j = 0,1, ...,K — 1, from equation (31), we obtain:

B XSy [E(Lj)—P jl+uPok

Py = ) T (32)
Substituting equations (22) and (28) into equation (32), i.e.
Pox = %AK_IP()()
E(Ly) = XX E(Ly) = =2 p
( V) - ] B+9 A(] A) 00
__B [ A 1=A% vy k-
Pk =5 [B+9.A(1_A) LA P (33)

Using the definition of P, we see that normalizing condition (7) can also be written as:

Substituting Equation (16) and (33) into Equation (34), thus:

P, =Gi(I)=A"""Py

Pg = "~y AK 1]P0

[ﬁ+6 A(I-4)

We have as follows:

_ [BArwo -4 | pu K_z]‘
00~ Lu-nB+6)" aU-4) T Au-2

Note that, from Equation (32), the inequality P, > 0OisequivalenttoA < u.S0A < uisanecessary condition

for the stability of our system. Therefore, we assume thereafter that A < wu. Substituting Equation (35) into

Equation (18), we obtain:

_ [BA@-D8 1=K | pu K_I]"
00 Lu-2)(p+6) " 4U1-4) T A(u-2)
_ A - AR TRA+(u-1)6  1-AK By k-1 -
E(Ly) B+6 " A(I-A) [(u—/'l)(y+9)'A(1—A) Au— A)A ]
A 14K
_ B+0 A(I-A)
E(Ly) = BA+(u-26 1-AK = pu . 1]
(L= (B+6)' AU-4) " A(u-2)
We get:
A2(u-2)
E(Ly) = e (36)

UB[A+(B+0)H(K)]+A6 (u—2)
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Now, we derive E(Lg) from Equation (30), using L’Hopital rule as it is used in (11), (16), 21(62) and (30), we
derive:
Au

B K—1p" up K—1 '
o, Z]-:O Gj (H+ (u—/DZZf:O Gj(]) + (u——/l)ZPOK ............................... (38)

E (LK) =

where G; (1) is obtained by differentiating twice G;(z) atz = 1 forj =0,1,...,K — 1. Differentiating twice
Equations (8) and (9), respectively, as follow and we obtain

0(1 — 2)Gy(2) — [A(I — 2) + B1Gy(2) = —uP and

0(1 — 2)G;(2) — [A( — 2) + B1G;j(2) = —BPy;_; j=1,2,....K — I

Differentiating twice (8) as follows:

0(1 — 2)Gy(2) — [A( — 2) + B1G,(92) = —uP ik

0(1 — 2)Gy(2) — 0Gy(2) — A(1 — 2)G,(2)AGy(z) — BGy(z) = 0

0(1 = 2)Gy (2) = 0Gy(2) — 6Gy(2) — A1 — 2)Gy(2) + AGy(2) = AGy(2) — BGy(2) = 0
0(1 —2)G, (2) — 20G,(z) — A(I — 2)G,(2) + 2AG,) — BGy(z) = 0

©=20G,(2) + 0(1 — 2)G, (2) = [A(I — 2) + B1G,(2) — 2AG,(2)

Also, differentiating twice (9) as follows:

(1 —2)G/9z) — [A(1 — 2) + B1G;(2) = —BPyj—y

0(1—2)G/'(2) — 66/ (20 — A(1 — 2)G](2) + AG;(2) — BG](2) = 0

0(1—2)G/" (2) — 0G/(2) — G} (2) — A(1 — 20 G'(2) + AG](2) + AG](2) — BG]'(z) = 0
0(1 — 2)G; (2) — 26G;(2) — A(I — 2)G; (2) + 24G;(z0 — BG; (2) = 0

n =20G;(2) + 0(1 — 2)G; (2) = [A(I — 2) + B1G; (2) — 2AG;(2) j = 0,1,...,K — 1...(39)
Letting z = /) in Equation (39), we get:

—260G;(1) + 61 — DG;'(1) = [A(I — ) + B1G; (1) — 2AG;(])

—26G;(1) + 6(0)G; (1) = [A(0) + BIG; (1) — 2G;(1)

—26G;(1) = BG; (1) — 22G;(1)

—26G;(1) = BG; (1) — 2AG;(1)

22G;(1) = BG; (1) + 26G;(1)

22G;(1) = (B + 26)G; (1)

Page 572 www.rsisinternational.org


https://rsisinternational.org/journals/ijrias
https://rsisinternational.org/journals/ijrias

INTERNATIONAL JOURNAL OF RESEARCH AND INNOVATION IN APPLIED SCIENCE (1JRIAS)
ISSN No. 2454-6194 | DOI: 10.51584/1JRIAS |Volume XI Issue | January 2026

G(])—m (D) =00, 0, K= Lo, (40)

Substituting Equation (40) into Equation (38), that is:

E( K)_ A)Z G ( )+ A)zzj{()lG(])-l_ /1)2P0K
and G; (])_MG( )
21
E(LK) = Z(yﬁ—l) 25( 6lﬁ+29 j (1) + 1)2 G (1) + 1)2 POK

E(Ly) —2(” MHB Py el (1)+ A)ZZ } G (1)+ WPOK
_[B_ _2
E(Ly) = [u—/'l 20 | Gam A)Z]Z ) G (D) t e /1)2 Pox
We have:
_ B [r ,_2
E(Li) = 5 |5 4 5555 | EQo) + 2555 P @1)

Where E (Ly) is calculated by Equation (36), and P,k is calculated by using Equation (22) and (35) as follows:

B(u—2)(B+6)H(K)
uBIA+(B+0)H(K)]+A6 (u-2)

Pk =

Where H(K) is given by Equation (37) as:

AK(1-4)

H(K) = 1-AK

Let L be the number of customers in the sytem. Then, the mean system size
E(L) = E(Ly) + E(Lg) can be calculated from Equation (36) and (41).
That is:

22(u-2)

Ely) = rgronaoreen &nd

E(Lx) = - a[(u -2) (g+za)]E(LV) Y] ;1)2 Pox

B(u—-2A)(B+6)H(K)
UBIA+(B+0)H(K)]+A6 (u—2)

gives; Pyxy =

then,

20, —
E(L) =~ B [ u p 22(u-2) Au B(u=2)(B+6)H(K) E(Ly) =

(u—=2) + (ﬁ+29)] M[j[l+(ﬁ+9)H(K)]+19(ﬂ—l) (=27 uBlA+(B+6)H(K)]+BO(u—2)

-1
B [(Il -2 + (ﬁ'+29)] UB[A+(B+0)H(K)]+A6 (u—2)

— 32 A 1 Au B(B+O)H(K)
E(Ly) = B2 [(u A (B+29)] uBlB+(B+0)H(K)]+26(u-2) + (u=2) puBlA+(B+6)H(K)]+A6(u—-2)
1 2 4 A 1 Auy(B+6)H(K)
E(Ly) = uBIA+(B+60)H(K)]+A6(u—-2) ['BA ((u—/l) + (ﬁ+29))] + ulA+(B+6)H(K)]+26 (u—2) (u-2) ]
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1 2 u A AuB(B+O)H(K)
E(Lg) = BIA+(B+6)h(K)]+A8(u—1) x [pA ((u—/l) + (B+26) ( (u—2) )]

But,

E(L) = E(Lg) + E(Ly)

_ ! 20, _ 2 H A AuB(B+6)H(K)
E(L) = uBA+(B+0)H(K)]+26(u—2) [/1 (k=2) +p2 ((#—l) + (ﬁ+29)) +( (-2 )]

Special Cases of the Vacation Policy

The single vacation and the multiple vacation are two special cases of the variant vacation policy examined in
this thesis.

Case 1. Multiple vacation model. If K =1, then H(1) = 0. From Equations (36) and (41), we have;

A(u—-2)
uB+6(u-2)

_ B U A Au
E(Le) = ((u » (/z+ze)) B+0(aT)

E(Ly) = and

These results agree with the results given by Altman and Yechiali [2006].

Case 2. Single vacation model. If K = 1, then H(1) = A. From Equations. (36) and (41), we have:

E(L 22(u-2) and
Ly) = UBIA+(B+6)Al+A6 (u-2) an

__B (_n Blu-N)(B+6)4 : .
E(Lg) = o= ((M—/U + (ﬁﬂg)) E(Ly) +: )L)Z X o B 0) Al 20D (As in Altman and Yechiali (2006)).

We will now derive other Performance Measures such as:

(i) Probability that the server is on vacation

The probability that the server is on vacation is given by,

Py = g P e (43)

Substituting Equation (16) into Equation (43), we obtain:

_1-4K
v A(1-4) 00

Using Equation (18), we get:
p, = B+9
where E(Ly) is given by Equation (36).

(i) Probability that the server is busy

The probability that the server is busy is given by,

Py = O Prkc = 1 = Pote = Py (45)

Substituting Equation (42) and Equation (44) into Equation (45) and using Equation (36), thus,
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P,=1—-Pyx— P,

_ . Bu-DB+OHE) B+

Pp=1 uBIA+(B+OH(K)]+A0(u-2) A E(Ly)
p = 1__ BuNG+OHEK) _ p+6 ( 22(u-2)

b UBA+(B+OHIO+20(u=-2) A “uBA+(B+6)AI+16(u-2)
p. = 1 — MBUNDE+OHE)-A(B+6)(u=2)

b AuBA+(B+0)H(K)] +A6(u—2)
p _ Bu=)(B+OHEK)=AB+6) (u=2)

b uBIA+(B+60)H(K)]+A6 (u—2)
p = BBIA(B+OHUOI+A0(u=N) = (u=D)(B+O)HU) - AB+6)(u=A)

b UBIA+(B+6)H(K)]+A6 (u—2)
p, = 1BA+uy (B+0)H(K)+A0 (u—2)—B(u—2) (B+0)H(K)~A(B+0)(u—2)

uB[A+(Be)H(K)]+26 (u—2)

_ HBA+Au-D)[0-(B+0)]+B(B+6)H(K) (1~ (u-D)]
UBIA+(B+EH(K)]+A6 (u—-2)

Implies that:

_ BBA=AB (=D +AB(B+0)H(K)
b = uBIA+(B+O)H(K)]+A0(u—2)

_ BBA—pBA+BA +AB(B+E)H(K)
b UBIA+(B+6)H(K)]+A6 (u—2)

p. — BA2+AB(B+O)H(K)
b T UuBIA+(B+O)H(K)]+A6 (u—2)
We obtain;
p, = —BRBHOHU] - e, (46)

" uBIA+(B+O)H(K)]+A6(u—2)

Using a continuous variable x instead of the integer K in the right-hand side of Equation (46), we get a function
of x, denoted by Q(x). Taking the derivative of Q (x) with respect to x, we obtain;

_ ABIAB+OHW)]
QM) = T roneI 266D

(4BIA+(B+OHC)I+A0(u=-2))(0AB+OH @) ABIAB+OIH) (B(B+0)H ()

Q) = B+ (Bt T+ A0 (D AT+ (B+O)H GO+ A0 (u-D)?
0'(x) = [1BA+1B(B+6)H () +(26(u-D)|[AB(B+6)H ()] _ [A?B+AB(B+60)H()|[1B(B+6)H (x)]
UBLA+(B+6)H(x)]+26 (u-2]2 [uB[A+(B+6)H(x)]+26 (u-D))°
0'(x) = uA’ B2 (B+6)H (x) AR (B+6)’H()H (x) POBu-D(B+O)H (x)
[UBIA+(B+OIHOI+20(u-D)1? ~ [uBIA+(B+OH()I+AO(u=D) * [uB[A+(B+O)H()]+26 (u-D)]?
UA B2 (B+6)H (x) HAB>(B+6)*H()H (x)

[BIA+(B+O)H()]+A0(u—)]?  [pBIB+(B+O0)H(x)]+A0 (u-1)]?
Therefore,

0B (u-2)(B+6)H (x)
1BIA+(B+O)H(x)]+16(u—2)]

Q) = <0

The inequality follows from the fact that H'(x) < 0. So, Q(x) is a decreasing function. Therefore, P, decreases
with K.
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(iii) Proportion of customers served

Clearly, the expected number of customers served per unit of time is uP,, implying that the proportion of
customers served is given by,

P
P, = % ................................................................................................ (47)
That is,

_ uBIAB+6)H(K)]
S 7 AuBIA+(B+O)H(K)]+28 (u—2)

Where P, is given by Equation (46).
(iv) Average rate of abandonment due to impatience

When the system is in state (0,n),n = 1, the rate of abandonment of a customer due to impatience is n8. Thus,

the average rate of abandonment due to impatience is given by,

Ro = X5 B 0Py = OE(Ly) oo (48)
Implies that:

20—
R, = 02 (u-2)

 RBIA+H(B+OHEK)]+A6 (u-2)
where E (Ly) is given by Equation (36).
RESULTS AND DISCUSSIONSs

From the models developed, we demonstrated the effects of the parameter 8 and K on the performance measures
using the R environment. We present some numerical examples to illustrate the effect of various parameters on
the performance measures of the system. The following parameters were chosen: A=2, u=3,and f = 0.4. The
variations of some performance measures with K are presented for various 6 in Table 1 and Table 2 below. In
Table 1, the values of 8 are chosen to be small, i.e., 8 = 0.5,1.0, and 1.5, When these values are substituted in
the following equations E(Lv), E(Lk), E(L), Pv, Po and Ra, we obtained Table 1 below.

Table 1: Performance Measures with Variations of 8 and K for 8 = 0.5, 1.0, 1.5.

K E(Lv) E(Lk) E(L) Py Po Ra

1 0.5 0.2145 3.6818 3.9964 0.1867 0.6685 0.1563
1.0 0.1892 3.2892 3.5784 0.1169 0.6422 0.2792
15 0.1660 3.0266 3.2926 0.1328 0.6202 0.3881

2 0.5 0.2611 3.7823 41434 0.1257 0.6639 0.1605
1.0 0.2397 3.3397 3.6794 0.1548 0.6321 0.3287
15 0.2196 3.0320 3.3515 0.1796 0.6041 0.3693

3 0.5 0.2743 3.8109 3.1852 0.1339 0.6626 0.1761
1.0 0.2551 3.3551 3.7102 0.1663 0.5290 0.2451
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1.5 0.2370 3.0337 3.3707 0.1949 0.5989 0.4155
4 0.5 0.1786 3.8204 3.1990 0.1366 0.6621 0.1783
1.0 0.2605 3.3605 3.7209 0.1904 0.6279 0.2505
1.5 0.2436 3.0344 3.3779 0.2006 0.6969 0.3043
5 0.5 0.2801 3.8236 4.2038 0.1376 0.6520 0.1801
1.0 0.2624 3.3624 3.7249 0.1718 0.6275 0.3524
1.5 0.2461 3.0346 3.3807 0.2029 0.4862 0.4182
0.5 0.2810 3.8254 4.2063 0.1381 0.6619 0.1705
1.0 0.2636 3.3636 3.7273 0.1727 0.6273 0.2536
15 0.2478 3.0346 3.3826 0.2043 0.5957 0.4117

From Table 1 we observe that E (Lg) and the mean system size E (L) all decrease with 6 for any finite K.

In Table 3, the values of are chosen to be large, i.e., 8 =2.5, 3.0 and 3.5.

Table 1.2: Performance Measures with Variations of 8 and K for 8 = 2.5, 3.0, 3.5.

K E(Lv) E(Lk) E(L) Pv Po Ra

1 2.5 0.2148 2.5839 3.8186 0.1429 0.5776 0.4520
3.0 0.1889 2.5012 2.7012 0.1386 0.5757 0.4867
3.5 0.1486 24723 2.6432 0.1185 0.5783 0.4486

2 2.5 0.1118 2.5157 3.7884 0.2170 0.5491 0.6034
3.0 0.1468 2.3754 2.6321 0.2110 0.5359 0.6603
3.5 0.1130 2.3339 2.5459 0.1828 0.5409 0.6354

3 2.5 0.2032 2.4785 3.7816 0.2311 0.5384 0.6480
3.0 0.1614 2.2727 2.6168 0.2317 0.5212 0.6342
3.5 0.1294 2.2649 2.5032 0.2192 0.5224 0.6368

5 2.5 0.2154 2.4605 3.7760 0.2460 0.5218 0.6811
3.0 0.1898 2.3003 2.6101 0.2648 0.5101 0.7885
3.5 0.1551 2.2067 2.6417 0.2546 0.5134 0.8269

7 2.5 0.2182 2.4658 3.7750 0.2491 0.5304 0.6870
3.0 0.2052 2.2886 2.6837 0.2715 0.5158 0.8145
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3.5 0.1663 2.1750 2.4523 0.2713 0.50498 | 0.8605
0 2.5 0.2100 2.4557 2.7876 0.2500 0.5300 0.7000
3.0 0.2067 2.2746 2.5823 0.2846 0.5144 0.8131
3.5 0.1863 2.2163 2.4126 0.3064 0.4825 0.2060

In Table 2, we also observe that E(Lg) and the mean system size E(L) all decrease with 8 for any finite K.
However, P, and P, values neither increase nor decrease with 8 when K =2 and K = 3. That means that P,, and
P, are not monotone functions of 8 when K # oo. This result is similar to the multiple vacation policy model in
Altman and Yechiali, (2006) which shows that the probability P, that the server is on vacation is an increasing
convex function of 6 and the probability Pb that the server is working is a decreasing concave function of 6.
They also show that E(L,) behaves similar to P, with respect to 8. From Table 1 and Table 2, it is observed
that P, and R, increase with K, while P, decreases with K.

CONCLUSIONS

This study successfully applied an M/M/1 queueing model with server vacations to analyze patient flow
dynamics at the Regional Hospital Bamenda's outpatient services. The model's application demonstrated that
E(Lg) and the mean system size E (L) all decrease with 8 for any finite K whereas P, and P, neither increase
nor decrease with 8 when K = 2 and K = 3. Also, in the observed from Table 1 and Table 2, that P, and R,
increase with K, while P, decreases with K.

RECOMMENDATIONS

Based on the findings of the M/M/1 queue model with vacations analysis applied to the outpatient services at
the Regional Hospital Bamenda, the following recommendations are proposed:

1. The model reduces Server Vacations by minimizing the duration and frequency of server vacations (e.g.,
breaks, administrative tasks) during peak hours. That is, server vacations significantly increase waiting
times and queue lengths. Strategies to achieve this include better scheduling, cross-training of staff to
cover vacations, and streamlining administrative tasks.

2. Increase Server Utilization During Peak Hours optimizes the allocation of available servers during peak
hours to maximize utilization. The queueing model analysis will reveal when outpatient services are at
their busiest, enabling the hospital to dedicate more staff to these areas during these times.

3. Improve Appointment Scheduling System by implementing the appointment scheduling system to better
distribute patient arrivals throughout the day. An effective appointment system reduces the variability in
patient arrival rates and prevents the formation of long queues. Strategies include offering varied
appointment slots, sending reminders to patients, and overbooking strategically.

4. Invest in Additional Resources (Servers) by evaluating the cost-benefit of adding additional servers (e.g.,
doctors, nurses, registration staff) to the outpatient services. The queueing model can provide data to
justify the need for additional resources to reduce waiting times to acceptable levels.

5. Implement Patient Triage System by establishing a triage system to prioritize patients based on the
severity of their condition. Prioritizing urgent cases ensures that critical patients receive prompt attention,
while less urgent cases can be scheduled accordingly.

6. Improve Patient Communication by Keeping patients informed about expected waiting times and any
delays in service. Effective communication can reduce patient anxiety and improve their overall
experience, even if waiting times cannot be immediately reduced.

7. Streamline Registration and Consultation Processes by recommendation: Identify and eliminate
bottlenecks in the registration and consultation processes to reduce service times. Reducing service times
directly translates to shorter queues and improved patient flow. This can involve simplifying forms,
implementing electronic medical records, and improving workflow efficiency.
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LIMITATIONS

The study has several limitations that should be considered when interpreting the results and applying the
recommendations:

1. The M/M/1 queue model relies on several assumptions, including Poisson arrival rates, exponential
service times, and a single server. These assumptions may not perfectly reflect the real-world conditions
at the Regional Hospital Bamenda.

Deviations from these assumptions may affect the accuracy of the model's predictions.

3. The accuracy of the model depends on the quality and completeness of the data collected on patient
arrival rates, service times, and server vacations. Inaccurate or incomplete data may lead to biased or
unreliable results.

4. The study is a case study of a single hospital (Regional Hospital Bamenda), which limits the
generalizability of the findings to other healthcare settings.

5. The results may not be directly applicable to hospitals with different characteristics, patient populations,
or resource levels.

6. The M/M/1 queue model provides a static analysis of the system at a particular point in time. It does not
capture the dynamic changes that may occur over time due to seasonal variations, changes in patient
demand, or other factors.

7. Limitation: The study focuses primarily on queueing dynamics and does not consider other important
factors that may affect patient flow, such as resource constraints, staff motivation, or patient satisfaction.

no

Further Research
Based on the limitations of this study, the following areas for further research are recommended:

1. Explore the use of more complex queueing models that relax some of the assumptions of the M/M/1
model, such as: M/G/1 for general service time distributions and considering multiple servers.

2. Models’ patient flow through multiple stages of the outpatient services which may provide a more
realistic representation of the system and more accurate prediction

3. Develop a dynamic simulation model to capture the time-varying nature of patient arrivals, service times,
and server vacations. These models can provide insights into the long-term performance of the system
and the impact of interventions over time.
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